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SUMMARY

Lamb waves of the Earth’s atmosphere in the millihertz band have been considered as

transient phenomena excited only by large events. Here, we show the first evidence of

background Lamb waves in the Earth’s atmosphere from 0.2 to 10 mHz, based on the

array analysis of microbarometer data from the USArray in 2012. The observations sug-

gest that the probable excitation source is atmospheric turbulence in the troposphere.

Theoretically, their energy in the troposphere tunnels into the thermosphere at a resonant

frequency via thermospheric gravity wave, where the observed amplitudes indeed take a

local minimum. The energy leak through the frequency window could partly contribute

to thermospheric wave activity.

Key words: Surface waves and free oscillations, Ionosphere/atmosphere interactions,

Atmospheric coustic-gravity wave

1 INTRODUCTION

Lamb waves of Earth’s atmosphere propagate non-dispersively in the horizontal direction with a sound

velocity of about 310 m/s, while they are hydrostatically balanced in the vertical direction (Bretherton

1969; Gossard & Hooke 1975; Lindzen 1972). Because the wave energy densities decay exponen-

tially with altitude, they are concentrated in the troposphere. Therefore, these waves are also known as
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Figure 1. a, Location map of the 305 stations used in this study. b–d, Results of frequency–slowness spectra at

1.5 mHz. The locations of the subarrays (1–3) are also shown on the map. We averaged the spectra from 1 to 2

mHz for one year. Vertical and horizontal axes show slowness, which is the inverse of the phase velocity.

atmospheric edge waves from Earth’s free surface (Garrett 1969). The Lamb waves in the millihertz

band have been considered as transient phenomena excited only by large events (Garrett 1969; Gos-

sard & Hooke 1975) such as the major volcanic eruption of Krakatoa in 1833, the impact of Siberian

meteorite in 1908, the testing of large nuclear tests (Donn & Shaw 1967), the 1970 solar eclipse (e.g.

Chimonas 1973) and the huge earthquakes (e.g. Mikumo 1968).

In a case of the solid Earth, observation of background free oscillations in the millihertz band–

now known as seismic hum (Suda at al. 1998; Kobayashi & Nishida 1998; Nishida 2013), has been

firmly established. Above 5 mHz, their dominant excitation sources are oceanic infragravity waves

(Rhie & Romanowicz 2004; Webb 2007; Nishida et al. 2008). At 3.7 and 4.4 mHz an elasto–

acoustic resonance between the solid Earth and the atmosphere was observed (Nishida et al. 2000).

These seismic observations show that the contribution of atmospheric turbulence to the seismic hum is

dominant below 5 mHz. Such contribution implies background excitations of atmospheric acoustic–

gravity waves, including Lamb waves and acoustic waves, in this frequency range.

For direct detection of the background atmospheric acoustic–gravity waves, our group conducted
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observations using an array of barometers (Nishida et al. 2005). However, the spatial scale of the

array (∼10 km) was too small to detect them below 10 mHz. Since then, no direct observations of

these waves have been reported. In 2011, 337 high-resolution microbarometers were installed on a

continental scale at USArray Transportable Array stations as shown in Fig. 1a (Vernon et al. 2012).

The large and dense array enables us to detect the background acoustic–gravity waves.

2 A FREQUENCY–WAVENUMBER SPECTRUM

To detect the background acoustic–gravity waves in the frequency–wavenumber (FK) domain, we

calculated an FK spectrum as follows. First, the whole records were divided into about 4.6-h seg-

ments. After exclusion of noisy data, cross spectra between every pair of stations were averaged over

the remaining data (see Appendix A). Next, the cross spectra were modeled by assuming stationary

stochastic excitation of the atmospheric waves by homogeneous and isotropic sources (Nishida et al.

2002). The synthetic cross spectra φ can be represented by a superimposition of Legendre functions Pl

as a function of separation distance Θ as φ(Θ, f) =
∑

l al(f)Pl(cosΘ). Here, l is the angular order,

and the coefficients al represent power spectral densities (PSDs) at frequency f . The coefficients al

were estimated by minimizing the squared differences between the synthetic spectra and the observed

ones.

A plot of al against angular order l and frequency f gives an FK spectrum as shown in Fig. 2.

Their amplitudes are normalized by a reference model for display. Fig. 2 shows a clear branch of

Lamb waves with a phase velocity of about 310 m/s from 0.2 to 10 mHz.

Synthetic dispersion curves (see Appendix B) are overlaid on the figure. They show that the

observed Lamb-wave branch consists of three sub mode-branches. This is because the Lamb-wave

branch intersects that of thermospheric gravity waves at 3.5 mHz and that of acoustic waves trapped

near the mesopause at 6.5 mHz (Garrett 1969).

The FK spectrum shows a local minimum of Lamb-wave amplitudes at around 3.5 mHz, where the

Lamb-wave branch is crossed by the thermospheric gravity-wave branch. Coupled Lamb waves leak

a certain amount of energy from the troposphere to the thermosphere, reducing the Lamb-wave am-

plitudes at the crossover frequency relative to those at neighboring frequencies, when their excitation

sources exist in the troposphere.

Figure 2 also shows a weak branch of first acoustic overtones. The fundamental branch is hardly

observable. Their weak amplitudes are partly because most of their modal energy resides in the meso-

sphere and the thermosphere (Lognonné et al. 1998; Kobayashi 2007; Watada & Kanamori 2010).

Moreover, the acoustic modes with lower angular orders (<200) are too dissipative to keep their excita-

tion amplitudes because the energy radiating into the ionosphere is dissipated via molecular viscosity.
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Figure 2. FK spectrum of background Lamb waves. The horizontal axis shows the angular order, and the vertical

one shows the frequency in millihertz. The color shows normalized PSDs al/f̄−3.5, where f̄ is the frequency in

millihertz. Synthetic dispersion curves are also overlaid on this figure.

3 TWO-DIMENSIONAL FREQUENCY–SLOWNESS SPECTRA

To infer the incident-azimuthal distribution of Lamb waves, we calculated two-dimensional (2-D)

frequency–slowness (FP) spectra (Nishida et al. 2005, 2008) at 1.5 mHz (Figs. 1b–d) for the three

subarrays. The spectra were obtained by summing the time-delayed cross spectra under the assump-

tion that the background atmospheric waves can be represented by a superimposition of plain waves.

Then, the array response functions were deconvolved from the spectra by using the Richardson–Lucy

deconvolution algorithm (Lucy 1974; Nishida et al. 2008). Figs. 1b–d show the mean FP spectra from

January to November 2012. The spectra clearly show Lamb-wave propagation from all directions. In

the figure, the waves are identified as the circle with a slowness of about 3.2 s/km, which is equivalent

to a phase velocity of about 310 m/s. The root mean square (RMS) amplitude of these Lamb waves
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Figure 3. a, Incident-azimuthal variations of Lamb waves of subarray 1 from 1 to 2 mHz every 45 days.

Frequency–slowness spectra of subarray 1 were calculated every 45 days. This figure shows their integration

with respect to 2-D slowness space every 30 degrees. b, Temporal variations of the RMS amplitudes from 1 to

2 mHz every 7 days. The RMS at a time corresponds to the square root of the integration of the FK spectrum

(Fig. 2) along the Lamb wave branch.

is about 0.15 Pa. The plots show weak but definite one-lobed anisotropy of the phase velocities. At

subarray 1, the phase velocity toward the east is about 20 m/s faster than that toward the west. The

anisotropic patterns of subarrays 2 and 3 are similar but smaller than that of subarray 1. The observed

anisotropy can be explained by advection attributed to mid-latitude westerlies.

Figure 3a shows the incident-azimuthal variations of Lamb-wave amplitudes at 1.5 mHz as a

function of time at an increment of 45 days. Only the result from subarray 1 is shown because most

of the stations in subarrays 2 and 3 were installed after April 2012. The figure shows a clear seasonal

variation: strong amplitudes from the east side in winter months, and strong amplitudes from the

west side in summer months. Primarily, the azimuthal distribution represents their source distribution,

although they are also affected by refraction and scattering of the waves owing to topography, wind,

and lateral heterogeneities of the sound velocity structure. Because the intrinsic attenuation of Lamb

waves is small (i.e., the quality factor is greater than 103, Lindzen 1972), refraction and scattering

across long wave paths tend to homogenize the incident-azimuthal distribution.
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4 POSSIBLE EXCITATION MECHANISMS

Ocean surface waves at a frequencies around 0.1 Hz excite background seismic surface waves, known

as microseisms, and background infrasounds, known as microbaroms (Arendt & Fritts 2000; Donn &

Posmentier 1967). During strong storms, strong seismic hum was also observed. For example, an array

analysis of USArray records showed seismic signals from Hurricane Irene in 2011 (Traer et al. 2012)

including both microseisms (0.03–0.12 Hz) and seismic hum (5–20 mHz). During the observation

period in this study, the eastern area of the array was hit by Hurricane Sandy, which excited strong

microseisms and microbaroms during the end of October (Hutko 2012). If the oceanic swell is a

common source of background Lamb waves, it should also have excited strong Lamb waves during

the end of October. For the discussion of the detailed temporal variations, mean RMS amplitudes were

also estimated every 7 days with the assumption of their homogeneous and isotropic excitation. Figure

3b shows the RMS amplitudes from 1 to 2 mHz as a function of time. The figure does not show the

hurricane-associated activity during the end of October. These results suggest that ocean infragravity

waves are not the dominant source.

The atmospheric turbulence in the troposphere is another candidate source of background Lamb

waves. Possible physical mechanisms of the atmospheric excitations include aerodynamic excitation

by cumulus convection, that associated with generation of cumulus clouds, and that by atmospheric

turbulence caused by wave breaking of mountain lee waves. To verify the possibility, we estimate the

order of magnitude of Lamb-wave amplitude with angular order l = 200 (1.6 mHz) at the surface. We

assumed atmospheric sources in the troposphere with two stochastic parameters: (1) the correlation

length of 600 m and (2) the PSD of 1.5× 103 [Pa2/Hz], which were introduced to explain observation

of seismic hum below 5 mHz (Kobayashi et al. 2008). The estimated pressure amplitude is of the

order of 10−2 [Pa] (see Appendix C). This estimation is comparable to the observed one of about

10−2 [Pa], which is obtained from the observed FK spectrum (Fig. 2). The parameters are ambiguous

because their estimations from the observations are still difficult now. However, this result shows that

the atmospheric turbulence is a probable excitation source for the background Lamb waves.

5 DISCUSSIONS

Lamb-wave particle velocity grows with altitude exponentially, although most of the energy resides

in the troposphere (Lindzen 1972). Associated atmospheric or ionospheric disturbances in the ther-

mosphere are expected to be detected by other observational methods. To discuss the possibility, we

inferred the Lamb-wave particle velocity at different altitudes (Fig. 4) by using eigenfunctions of the

Lamb waves (see appendix B). At the surface, they are subjected to a simple power-law decay above



Background Lamb waves 7

10-4

 1

 0.1  1  10

0 km

20 km
40 km

60 km
80 km

100 km

130 km

Frequency [mHz]

10-2

10-6

10-8

102

104

PSDs [m2/s]

Figure 4. Estimated particle velocity with respect to altitude. Using eigenfunctions of Lamb waves, we inferred

the PSDs curves from the surface observation of pressure spectra. At altitudes higher than 60 km, the curves

exhibit two resonant peaks, at 3.5 and 6.5 mHz, which are the modes coupled to thermospheric gravity waves

and to acoustic waves trapped near the mesopause, respectively.

0.2 mHz, although the figure shows a slight local minimum at 3.5 mHz. The RMS amplitude from

0.2 to 5 mHz reaches the order of 1 m/s at 150 km. At altitudes greater than 60 km, the plot exhibits

two peaks at 3.5 and 6.5 mHz, which are the resonant frequencies with the thermospheric gravity

waves and the acoustic waves trapped near the mesopause. This figure suggests that the energy tun-

nels from the troposphere to the thermosphere at the two resonant frequencies, although Lamb waves

themselves cannot induce an upward flux (Lindzen 1972). The RMS amplitudes of the two coupled

modes reach 0.3 m/s at 150 km and 0.1 m/s at 120 km, respectively. These modes might contribute to

the thermosphere energy balance by heating via viscous dissipation (Hickey et al. 2001). The particle

velocity from a theoretical model of traveling ionospheric disturbances (TIDs) at 150 km is 5–10 m/s

(Kirchengast 1996). The amplitude suggests that the Lamb waves partly contribute to the excitation

of small-scale TIDs associated with severe convection activity (Hunsucker 1982).
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APPENDIX A: CALCULATION OF CROSS SPECTRA

For the calculation of a cross spectrum, we discarded noisy Fourier components using a typical noise

model n of atmospheric pressure at a frequency f (Nishida et al. 2005) as

n(f) = 10−6f−3 + 10−2 [Pa2/Hz]. (A.1)

At a frequency f , we thresholded a Fourier spectrum ũk
i (f) of the kth segment at an ith station when

ũk
i (f) > 10 ·n(f). The threshold can also be represented by weighting the data as ũk

i (f)wk
i (f), where
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the weight of data wk
i (f) is defined by

wk
i (f) = 1, if ũk

i (f) < 10 · n(f),

= 0, otherwise. (A.2)

We calculated a weighted cross spectrum φij(f) between the ith station and the jth one as

φij(f) =
1∑

k wk
i (f)wk

j (f)

∑
k

ũk
i (f)ũk∗

j (f)wk
i (f)wk

j (f). (A.3)

APPENDIX B: DISPERSION CURVES AND EIGENFUNCTIONS OF LAMB WAVES

We define eigenfunctions nUl, nVl, and nXl of an atmospheric mode nAm
l (r) with a radial order n,

an angular order l, and an azimuthal order m as

nsm
l (r, θ, φ) = nUl(r)Ylm(θ, φ)r̂ + nVl(r)

∇lYlm(θ, φ)√
l(l + 1)

, (B.1)

npm
l (r, θ, φ) = −nXl(r)Ylm(θ, φ), (B.2)

where nsm
l is the displacement, npm

l is the pressure perturbation, r̂ is a radial unit vector defined on

a unit sphere, r is radius, θ is colatitude, φ is longitude, Ylm are real spherical harmonics, and ∇l

is the surface gradient operator (Dahlen & Tromp 1998). For a spherical earth, eigenfunctions and

eigenfrequencies nωlare degenerate with respect to azimuthal order m, and the eigenfunctions are

functions only of the radius.

Figure A1 shows dispersion curves using globally averaged values over longitude, latitude, and

local time based on the atmospheric model NRLMSIS-00 (Picone2002 et al. 2002) in July. In this

frequency range at around 3.5 mHz, a physical Lamb-wave branch crosses a physical branch of ther-

mospheric gravity waves. At around 6.5 mHz, a physical Lamb-wave branch crosses a branch of

acoustic waves trapped near the mesopause.

Fig. A1 also shows typical eigenfunctions. Eigenfunctions of Lamb waves (0A200, 0A450, 1A600

in the figure) show that the particle motions are almost horizontal and that most of their energy is

distributed below 20 km. In contrast, the coupling mode 1A450 also has energy in the thermosphere at

an altitude of 110 km.

With an assumption that the observed pressure perturbations on the surface can be represented

by superimposition of eigenfunctions of Lamb modes npl, we can estimate the particle velocity at

nωl

√
nUl

2 + nVl
2 as shown in Fig. 4.

To evaluate the excitation amplitudes, we define the modal mass nMl for a pressure source on the

Earth’s surface as

nMl ∼
∫ Rtop

0 4πr2 nXl(r)
2

ρ(r)α2(r)
dr

nXl(R)2

ρ(R)α2(R)

, (B.3)
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where Rtop is the radius of the top of the model atmosphere (150 km here), R is the radius of the

solid Earth, ρ is the density of the atmosphere, and α is the sound velocity of the atmosphere. This

definition shows that the modal mass of the coupled mode is greater than that of non-coupled Lamb

modes because of the amplitude in the thermosphere. This means that excitation amplitudes of the

coupled mode are expected to be smaller than those for the non-coupled modes when the sources are

located in the troposphere.

APPENDIX C: EXCITATION OF LAMB WAVES BY ATMOSPHERIC TURBULENCE

For a quantitative discussion of the force system of the excitation sources, we estimated the excitation

amplitude by assuming a random pressure perturbation δp with a coherent length L in the troposphere.

We consider pressure disturbances of the turbulence with a coherent volume of (L×L×L) (Kobayashi

& Nishida 1998; Kobayashi et al. 2008; Walterscheid et al. 2003). A steady-state balance is achieved

between the work input from the atmosphere to the mode (the right-hand side) and dissipation of its

elastic energy (the left-hand side) as

ωl

Ql
El = (ωlεl)δpL3

√
N
√

2l + 1, (C.1)

where Ql is the modal quality factor, kinetic energy El is defined by (Ml/2)(dlωl)2, strain εl is kldl,

the number of turbulent cells N, is (4πR2)/(L2) with an assumption of a single layer of turbulent

cells, kl =
√

(l + 1)l/R is the wavenumber of the mode, and dl is the surface displacement of the

mode.

Here, we estimate p200 with an angular order l = 200 at an eigenfrequency of 1.6 mHz. Modal

mass 0M200 was estimated as 8.4 × 1018 kg by using the calculated eigenfuction. An assumed power

spectrum of the random pressure is based on an empirical model (Nishida & Fukao 2007; Fukao et

al. 2002) as

Ψ(f) = 4 × 103
(

f

f0

)−2

[Pa2/Hz], (C.2)

where the reference frequency f0 = 1 mHz. The pressure forcing of the mode, δp, is estimated by√
Ψωl/Ql. Here, we use typical values of Ql = 104 and L = 600 m. The surface pressure p200 of the

Lamb mode is estimated as

p200 ∼ ρ(R)α2(R)k200d200 ∼ 1.8 × 10−2[Pa], (C.3)

where α is the sound velocity at the surface (about 340 m/s). The observed amplitude with angular

order 200 (1.6 mHz) is 1.4 × 10−2 [Pa], which was obtained from the FK spectrum (Fig. 2). They

are consistent with each other. Because there remain notable ambiguities of correlation length L and

quality factor Ql, more quantitative estimations should be addressed in future studies.
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Figure A1. a, Dispersion curves and eigenfunctions for the model NRLMSISE-00. We also show nomenclature

of the physical branches. b–g, Six typical eigenfunctions. Their eigenfrequencies are also shown in a. Here

we plot only real parts of eigenfunctions, because their amplitudes of the imaginary parts are much smaller

than those of the real parts for the following reasons. Lamb waves are trapped near the Earth’s surface. The

thermosphere gravity waves also trapped near the mesopause, because they are evanescent at the upper boundary.

The dissipation of the modal energy is so small that we can ignore the imaginary parts.
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