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Scaling laws in granular flows down rough inclined planes
O. Pouliquena)

LadHyX, Ecole Polytechnique, 91128 Palaiseau cedex, France

~Received 15 July 1998; accepted 6 November 1998!

In this paper, new scaling properties for granular flows down rough inclined planes are presented.
In the dense steady uniform flow regime, we have systematically measured the mean velocity of the
flow as a function of the inclination of the surfaceu and of the thicknessh of the layer. The results
obtained for different systems of beads corresponding to different surface roughness conditions are
shown to collapse into a single curve when properly scaled. The scaling is based on the
measurement of the minimum thicknesshstop(u) necessary to observe a steady uniform flow at
inclinationu. From this experimental observation an empirical description for granular flows down
inclined planes is proposed in terms of a dynamic friction coefficient. ©1999 American Institute
of Physics.@S1070-6631~99!00603-0#
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I. INTRODUCTION

The flow of granular matters on inclined surfaces is
ten encountered in engineering applications involving
transport of materials such as minerals and cereals, but
in geophysical situations. Rock avalanches, landslides,
pyroclastics flows are natural events consisting of large-s
flows of particulate solids.1–3 Besides these important indu
trial and geophysical applications, granular chute flows do
inclines are also of fundamental interest: A layer of granu
material flowing on a surface is a simple and well-control
system which allows a precise study of the rheological pr
erties of particulate systems. The characteristics of the fl
being mainly controlled by the balance between the gra
force and the friction force exerted at the surface, one
use the inclined chute flow as a rheometer in order to st
how the friction force in a granular layer varies. Howev
despite this apparent simplicity and the numero
experimental,4–17 numerical,18,19 and theoretical works20–23

devoted to granular chute flows, their description and pre
tion are still a challenge.

Many chute flow experiments have been carried out
different configurations have been investigated, changing
bed conditions from smooth to rough, using different kin
of materials, and checking the influence of entrance con
tions. The main conclusions of these studies are the foll
ing.

~a! When the inclined plane is smooth, fully develop
uniform flows only exist at a critical inclination angle. Belo
this angle the material stops, and above this angle the m
rial continuously accelerates along the plane. The syste
well described by a constant friction coefficient.9,10,13

~b! In the case of a rough bed, accelerating flows
also observed at high inclination angles. In this high veloc
regime, direct or indirect measurements of the shear forc
the bed5,9 have shown that the material rheology is well d

a!Present address: IUSTI, 5 rue Enrico Fermi, 13453 Marseille Cedex
France; electronic mail: olivier@iusti.univ-mrs.fr
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scribed by a constant coulomb friction coefficient indepe
dent of the velocity.

~c! For intermediate value of the inclination angle in th
rough bed configuration, steady uniform flows can be o
served in a whole range of inclination. In this range the fr
tional force is able to balance the gravity force indicating
shear rate dependence. However, no clear descrip
emerges from the different experiments. Suzuki and Tana4

have proposed to describe this regime using a Bingham-
constitutive law but this approach is incompatible with t
Coulomb-like behavior controlling the onset of the flow. A
ceyet al.15 have shown that the shear stress at the bed ca
be written as a function of the mean shear rate in the m
rial. Vallance,14 in an attempt to quantitatively compare e
perimental results with Savage theory,20 has revealed some
interesting scaling showing that the mean velocity of t
flow varies as the thickness of the granular layer to the po
3/2. A similar scaling law has been observed recently
Azanza.17 But to our knowledge no constitutive law has be
proposed which convincingly describes the experimental
servations.

From the theoretical point of view the major difficulty i
describing inclined granular chute flows is that they belo
to an intermediate flow regime, where both the friction b
tween the grains and the collisions play an important ro
Some attempts have been made to incorporate into a kin
theory which describes the collisional interactions, an e
pirical rate independent stress tensor in order to take
account the friction.12,20,22,23These approaches qualitative
predict the fact that fully developed flows are only possib
in a limited range of inclination angles. But unfortunately,
direct quantitative comparison with experiments is diffic
since many experimentally inaccessible parameters are in
duced in the models, especially in the boundary conditio

In this paper, a more empirical point of view is adopt
in order to describe the intermediate regime of granular ch
flows. From precise and systematic velocity measureme
our goal was to experimentally determine the variation of
mean velocity of the flow as a function of the inclination

3,
© 1999 American Institute of Physics
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the rough plane, the thickness of the layer, and also of
roughness of the bed. The ultimate purpose is to be abl
propose some empirical constitutive laws which could th
be useful in the description of more complex configuratio
closer to geophysical situations such as the propagatio
fronts or the spreading of finite mass on irregular relief.3,24

The paper begins in Sec. II with the description of t
experimental setup and of the measurement methods
have used. In Sec. III the experimental measurements
presented. The range of inclination and layer thickness
ing rise to steady uniform flows is first determined. Veloc
measurements are then presented and are shown to co
into a single curve when properly scaled. The scaling pr
erties are discussed in Sec. IV. We show how they lead to
empirical expression for the dynamic friction coefficient d
scribing the interaction between the material and the ro
surface. Concluding remarks are given in Sec. V.

II. EXPERIMENTAL METHODS

The experimental setup~Fig. 1! comprises a 2-m-long
and 70-cm-wide plane that can be inclined from horizon
up to a maximum of 35°. The choice of such a wide chan
~70 cm to be compared with 1 cm, the typical thickness
the granular layer! ensures that the measurements are
affected by the lateral boundaries which are known to d
matically change the flow structure.7 The granular materia
flows from the reservoir through a gate whose opening
be precisely controlled. The rough bed condition is obtain
by gluing one layer of particles on the inclined surface.

The particles used for the bulk as well as for the rou
surface are spherical glass beads. In this paper we pre
results obtained for four different systems of beads~Table I!.

FIG. 1. Experimental setup.

TABLE I. Glass beads used for the bulk material and for the rough sur
for the different systems studied; corresponding parameters of fit 3.

Bulk Rough surface u1 u2 L

System 1 0.5mm60.04 0.5mm60.04 20.7° 32.8° 1.96
System 2 1.3mm60.13 1.3mm60.13 21.7° 26.4° 1.23
System 3 1.15mm60.1 1.3mm60.13 22.9° 30.4° 1.50
System 4 0.5mm60.04 1.3mm60.13 20.9° 29.1° 2.9
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System 1 consists of 0.50-mm-diam glass beads flowing o
bed made of the same 0.50-mm-diam beads. Systems
and 4 are, respectively, 1.3, 1.15, and 0.5 mm glass be
flowing on a rough surface made of 1.3 mm beads. Th
three systems have different roughness conditions betw
the bulk and the surface. Notice that systems 1 and 2 co
spond to the same configuration at two different sca
Roughness conditions, however, differ slightly: For the b
made of 0.5 mm particles 72% of the surface is covered
the particles whereas 76% is covered for the bed made of
mm particles. The measurements will show that this sli
change in the rough surface conditions affects velocity d
matically.

For the four systems of beads, we have systematic
measured the mean velocityu of the granular layer for each
inclination angleu and for each thicknessh of the layer. The
method we choose to measure the mean velocity consis
tracking the front propagating down the slope using an im
processing system.25 The front is created by suddenly ope
ing the gate, with the material then rushing down the slo
In the range of inclination~20°–28°! and thickness~4–25
particle diameters! studied, the front rapidly reaches a stea
state, with a steady shape propagating at a constant velo
u. The front velocityu corresponds simply to the depth a
eraged velocity of the uniform steady flow that develops
hind. Notice that using monodispersed glass beads prev
fingering instability.26 The front remains straight in the
cross-flow direction, which allows precise measureme
This method is very precise for low-velocity flows but b
comes less accurate for rapid flows in which the front p
sents more saltating particles. However, even in the m
rapid flows studied, the estimated error is less than 10%

Another parameter that needs to be experimentally m
sured is the thicknessh of the granular flowing layer. The
thickness is well controlled by the opening of the gate bu
not equal to the opening. A transient region exists close
the outlet where the thickness decreases before the st
uniform regime is reached. This region typically extends b
tween 20 and 50 cm. The thicknessh is measured down
slope of this region by illuminating the surface with a she
laser light slanted from the side with a very low incide
angle d ~Fig. 1!. When the granular material flows on th
plane, the projection of the laser sheet is shifted latera
from its initial position. The lateral shift is proportional t
the thickness of the layer and is inversely proportional to
tangent ofd. For low enough incident angle, measureme
of h based on the shift of the laser sheet are obtained wi
precision estimated to60.2 mm.

We also have carried out measurements of the volu
fraction occupied by the beads during the flow. The meth
consists in trapping a known portion of the material duri
the flow and weighing the trapped material. Knowing t
trapped massM, the density of the glass beadsrp , the thick-
nessh, and the surfaceSof the trapped layer, one obtains th
volume fraction n5M /rpSh. For all the steady uniform
flows studied in this paper, the volume fraction is found to
roughly constant—equal ton50.5960.03. No significant
variation of n with the control parameters has been put
evidence. The relatively high volume fraction indicates th

e
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we are studying a dense regime in which the frictional int
actions between particles are important.

In experiments using granular materials, experimen
difficulties often arise from electrostatic interactions or h
midity effects. In the experiments presented in this paper
effects of the electrostatic interactions are minimized
sieving the glass particles through a metallic mesh conne
to the ground before each experiment. The influence of
midity is much more difficult to control. In order to work a
constant humidity, each set of experiments were carried
during a single day in which the ambient humidity vari
less than 5%.

III. EXPERIMENTAL RESULTS

A. Existence of steady uniform flows

A first step before studying the dynamics of steady u
form flows is to determine the range of parameters for wh
they can be observed. These flows, characterized by a th
ness and a mean velocity constant in space and time, ar
observed for all values of the two controlled parameterh
and u. The limited region of the parameter space (u,h/d)
where steady uniform flows are observed is presented in
2 for system 1. The thickness is made dimensionless u
the particle diameterd. Similar diagrams were first obtaine
by Vallance14 for three-dimensional~3-D! chute flow experi-
ments and more recently by Azanza17 for two-dimensional
~2-D! systems.

The steady uniform flow region is limited in the param
eter space by two curves. The upper one corresponds
the transition to nonsteady or nonuniform flow observ
when the inclination is too high~the flow then seems to
accelerate along the slope! or with too thick a layer~the
thickness continuously decreases along the slope! ~Fig. 2!.
This upper limit has not been precisely determined.

In contrast, the lower curves separating the steady
form flow region from a region where no flow is possible c
be precisely determined and will play a crucial role in t
scaling properties presented in Sec. III B. Two methods h

FIG. 2. Region of the parameter space (u,h/d) where steady uniform flows
are obtained;d—measurements ofhstop(u); h—measurements ofustop(h).
Some error bars are hidden by the symbols. Data obtained with syste
Solid arrow~respectively, the dashed arrow! represents a typical evolution
of the system in the parameter space during the measurement ofhstop(u)
@respectively,ustop(h)].
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been used to measure this flow limit. The first one consist
working at a constant inclinationu and slowly decreasing the
thicknessh down to the critical thicknesshstop when the flow
stops~the solid arrow in Fig. 2!. This is simply carried out by
suddenly closing the gate of the reservoir once a thick fl
has developed: The thickness then slowly decreases, the
terial slows down, stops, and leaves a static layer of mate
on the bed. The thicknesshstop of this layer depends on th
inclination u ~filled circles in Fig. 2!.

This method for measuring the flow limit—keepingu
constant and decreasingh—is precise for high inclinations
when the deposit is thin. However, it becomes less accu
for lower inclinations when the thickness of the depo
strongly varies with the angle. In this region a seco
method has been used for measuring the flow limit. It co
sists in keeping the thicknessh constant and slowly decreas
ing the inclinationu ~the dashed arrow in Fig. 2! down to the
critical value ustop when the flow stops. The entire curv
ustop(h) is obtained by starting with different thicknessh of
the flow ~squares in Fig. 2!. For intermediate inclinations
both methods give the same curve, i.e.,ustop(h) andhstop(u)
are just inverse functions.

The functionhstop(u) reveals that the material exper
ences more resistance to flow near the rough surface th
does further away: This effect has previously been repo
by others studies14,27,28and is known to be the consequen
of nontrivial boundary effects. The scaling properties p
sented in the following will reveal the important role playe
by the functionhstop(u).

The other systems of beads we have studied pre
qualitatively the same diagram as Fig. 2. However, sign
cant quantitative differences exist as shown in Fig. 3 wh
the functionhstop(u) is plotted for the four systems. For ex
ample, foru523°, we foundhstop/d53.5, 1.5, 6, and 4.4 for,
respectively, systems 1, 2, 3, and 4. This observation sh
how sensitive granular chute flows are to slight changes
the roughness conditions. We will show in the following th
velocity measurements also are sensitive to the rough
conditions. However, despite this influence of the bound
conditions, scaling properties can be found which reveal
role played by the functionhstop(u).

1.

FIG. 3. hstop as a function ofu for the four systems of beads.
 license or copyright; see http://pof.aip.org/pof/copyright.jsp
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B. Velocity measurements and scaling properties

The results of the velocity measurements obtained in
steady uniform regime are presented in Fig. 4~a! for system
1. The dimensionless velocityu/Agd whered is the particle
diameter is plotted as a function of the dimensionless th
nessh/d for different inclination anglesu. The mean veloc-
ity of the flow increases with increase of the thickness of
layer and with increase of the inclination@Fig. 4~a!#. Each of
the four systems studied behave qualitatively the same w
However, comparing the different velocities obtained for t
same dimensionless parameters again shows that the
dynamics is sensitive to slight changes in the material siz
roughness condition: For example atu524° and h/d57,
u/Agd51.0, 2.3, 0.9 and 0.7 for systems 1, 2, 3, and 4. S
an influence of the relative roughness has been previo
observed and studied in detail in the case of a single b
rolling down a rough surface.29

Despite this high sensitivity, we have been able to fin
scaling that collapses all data onto a single curve. The i
was to choose a characteristic length scale other than
particle diameter to nondimensionalize the data. A poss
choice, in view of the result of Sec. II A, is the critical thick
nesshstop(u), which gives au dependent length scale. I
search of relevant scaling we thus have plotted for syste
the dimensionless velocityu/Agh, or the Froude number, a
a function ofh/hstop(u). This scaling presented in Fig. 4~b!
appears to be relevant: Curves obtained for different incli

FIG. 4. ~a! Dimensionless velocityu/Agd as a function ofh/d for different
inclination angles.~b! Froude numberu/Agh as a function ofh/hstop(u) for
different inclinations. Data obtained for system 1.
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tions collapse onto a straight line. This observation indica
that the variation of the mean velocityu with the inclination
u is correlated to the variation ofhstop with u.

The relevance of the scaling presented here beco
striking when comparing the different systems of beads. N
only does a similar collapse as in Fig. 4~b! occur for each set
of beads, but the data for each of the four systems colla
into thesame straight line~Fig. 5!. The Froude number thu
appears to be a linear function ofh/hstop, independent of the
inclination, bead size, and of the roughness condition. T
influence of those parameters are taken into account in
single functionhstop(u).

The curve in Fig. 5 which does not collapse with th
other data, belongs to system 2 and has been obtained
u525°, the highest inclination angle studied for this syste
No explanation for this discrepancy can be given for t
moment. Flows at this angle are rapid but seem to h
reached the steady uniform regime. However, a lot of sal
ing particles are present at the front which could affect
measurements. In conclusion, except for this curve, a sca
has been found which gives rise to the collapse of all the d
acquired for four different sets of beads.

IV. DISCUSSION

A. Prediction of the mean flow velocity

This experimental observation leads to several rema
First of all, the scaling presented here provides an empir
way to predict the velocities of granular chute flows witho
carrying out velocity measurements~at least for systems o
beads which are the only ones presented here!. In Fig. 5 the
Froude numberu/Agh is found to vary linearly with
h/hstop(u):

u

Agh
5b

h

hstop~u!
, ~1!

with b50.136 independent of the inclination, the bead si
and the roughness of the bed~this value ofb corresponds to
the best fit in Fig. 5 not taking into account the points
system 2 atu525°!. The variation of the mean velocityu
with the control parametersh andu is thus known as soon a

FIG. 5. Froude numberu/Agh as a function ofh/hstop(u) for the four
systems of beads and for different inclination angles.
 license or copyright; see http://pof.aip.org/pof/copyright.jsp
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one measures the functionhstop(u), which does not involve
any velocity measurement. Notice that, for a constant in
nationu, the empirical fit 1 predicts a 3/2 power law for th
variation ofu with the thicknessh which is compatible with
other experimental or numerical results obtained
Vallance14 and Azanza.17

Another interesting observation is that the data of Fig
do not converge to 0 when the thicknessh/hstop tends to 1.
This point seems contradictory with the definition ofhstop as
the critical thickness when the flow stops in an experim
carried out at a constant inclination and with a slowly d
creasing thickness. However, experimentally the veloc
does not evolve continuously to zero when approach
hstop: When the thicknessh decreases, the flow gently slow
down and then suddenly freezes whenh reacheshstop. Such
behavior is certainly the signature of a velocity weaken
friction force30,31 at the bed, a point which will be discusse
later in the paper.

B. Role of the rough bed

From a more fundamental point of view, the scali
properties we have put in evidence underline the role pla
by the functionhstop(u). Not only does this curve limit the
flow region in the parameter space, but it also contains all
information about the influence on the flow dynamics of t
inclination and of the other parameters like bead size or
roughness of the bed. This functionhstop, which has been
reported by other studies,14,27,28 is not yet fully understood
but is known to result from complex boundary effects.
qualitative explanation27 has been given in terms of dila
tancy. Near the bed, the medium has to dilate more in o
to flow than further away, which could explain the high
resistance to flow close to the rigid rough surface.

As the functionhstop(u) is controlled by the boundary
conditions, it follows from the scaling presented here t
flow dynamics are probably also governed by boundary
fects. This means that granular flows down rough inclin
planes result not only from intrinsic rheology of the granu
materials but also from the complex influence of the rou
bed. The importance of the rough bottom could explain
difference between the scaling laws observed here and
scaling laws observed for the granular flow at the free s
face of a pile in a rotating drum.32 In the last case, no rigid
boundary is present.

C. Description in terms of a dynamic friction
coefficient

From the scaling properties one can extract some in
mation about the friction forces that arise between the flo
ing layer and the rough surface. In the steady uniform
gime, the flow simply results from the balance between
gravity and the shear stress that develops at the bed
simple depth averaged force balance on an elementary
of material yields the following equality:

rgh sin~u!5t,

wherer is the density of the granular medium andt the shear
stress at the bed. When divided byrgh cos(u), the normal
Downloaded 02 May 2008 to 133.11.199.17. Redistribution subject to AIP
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stress on the plane, the force balance can be written in t
of a dynamic friction coefficientm defined as the ratio of the
shear to the normal stress:

tan~u!5m~u,h!. ~2!

It is important to note that the above dynamic frictio
coefficientm(u,h), which is assumed to be a function of th
thicknessh and of the mean velocityu, is not a property of
the bulk material but describes the interaction between
material and the rough surface.

When performing an experiment at a given angleu and
with a thicknessh, the granular layer adjusts its velocity i
accordance with Eq.~2!. In other terms, fixing the inclination
is equivalent to fixing the friction coefficient. From the sy
tematic velocity measurements we have carried out, it is t
possible to find the variation ofm with u and h by simply
substituting tanu by m in Eq. ~1!. In order to do so, we need
an analytical expression for the functionhstop(u). A good fit
~Fig. 3! is given by

tanu5tanu11~ tanu22tanu1!expS 2
hstop

Ld D , ~3!

whered is the particle diameter,u1 corresponds to the angl
wherehstop(u) diverges,u2 to the angle wherehstop(u) van-
ishes, andL is a characteristic dimensionless thickness o
which ustop(h) varies. Values ofu1 , u2 , andL for the dif-
ferent systems of beads are given in Table I. By substitut
tanu by m @Eq. ~2!# andhstop by bhAgh/u @Eq. ~1!# in Eq.
~3! one gets the following expression for the dynamic fr
tion coefficient:

m~u,h!5tanu11~ tanu22tanu1!expS 2
bh

Ld

Agh

u D . ~4!

This empirical relation raises several issues. The fi
one concerns the high velocity regime. Equation~4! predicts
that the friction coefficient tends to a limit equal to tanu2

when the velocity tends to infinity. The existence of an upp
limit for the friction coefficient implies according to Eq.~2!
that no steady uniform flow can be obtained for inclinati
higher thanu2 . This prediction is compatible with othe
laboratory experiments5,9 carried out at high inclinations an
which have shown that in this regime the flow accelerat
the friction coefficient between the flowing layer and t
rough surface being constant, independent of the veloc
Notice that according to the empirical description, Eq.~4!,
this maximum friction coefficient tanu2 is simply equal to
the inclination angle whenhstop vanishes.

On the other hand, the low velocity regime is not we
described by Eq.~4!. According to this empirical relation
steady uniform flows can be observed for any thickness
soon as the inclination is higher thanu1 . This is in contra-
diction with the existence of the functionhstop(u). However,
one has to keep in mind that expression~4! for the friction
coefficient derives from expression~1! for the velocity,
which is only valid forh.hstop or equivalently foru/Agh
.b. Consequently, Eq.~4! is also only valid for Froude
number greater thanb. Below this limit, the friction coeffi-
cient certainly presents some velocity weakening variatio
 license or copyright; see http://pof.aip.org/pof/copyright.jsp
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as suggested by the sudden stop of the material observ
experiments carried out with a decreasing thickness. Su
behavior, which has been put in evidence in oth
configurations,31 cannot be captured from the study of th
steady uniform flows.

V. SUMMARY AND CONCLUSIONS

This paper has presented experiments on the flow
glass beads down rough inclined surfaces. By systematic
studying the variation of the mean velocity with the inclin
tion of the plane and with the thickness of the granular la
it has been possible to spotlight some interesting sca
properties. All the data obtained for different systems
beads corresponding to different surface roughness co
tions collapse into a straight line when expressed in term
the Froude number as function ofh/hstop(u):

u

Agh
5b

h

hstop~u!
,

with b50.136. The functionhstop(u), which contains all the
information about the influence of the inclination, the be
size, and the roughness of the bed, is simply obtained
measuring the thickness of the layer of material remaining
the surface when a flow created at inclinationu stops.

The interpretation of this scaling is far from bein
straightforward. What exactly controls the functionhstop(u),
and why its measurement is enough for predicting the m
flow velocity, are complex questions. More detailed inform
tion about the internal structure of the flow~velocity profiles,
internal stresses, etc.!, which is not accessible in our exper
ment, will certainly be helpful. However, the role played b
the functionhstop(u) suggests that the influence of the rou
boundary is important. Theoretical approaches should t
take into account the boundary conditions in a proper wa

Although there is no precise interpretation of the scal
laws, we have shown that the experimental measurem
can yield information about the frictional force mobilize
during the flow. An empirical relation has been derived
the friction coefficient between the granular layer and
rough bed as a function of the mean velocity and the thi
ness. This formulation, characterized by two critical ang
and a length scale, could then be used in more comp
configurations. It can, for example, be introduced in mod
of avalanches like that of Savage and Hutter.3,24 However,
one has to be cautious in using the result presented in
paper. The scaling laws as well as the empirical friction l
have been derived for granular material comprised of qu
monodispersed glass beads. The relevance of those sc
properties in the case of angular particles or for polyd
persed material such as the ones encountered in geophy
situations is an open question which needs further invest
tion.
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