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Density waves in gravity-driven granular flow through a channel
Elizabeth D. Liss, Stephen L. Conway, and Benjamin J. Glassera)
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~Received 26 July 2001; accepted 17 June 2002; published 6 August 2002!

A molecular-dynamic computer simulation is used to examine rapid granular flow in a vertical
channel. A two-dimensional event driven algorithm is used with periodic boundary conditions in the
flow direction and solid walls in the lateral direction. Flow in the channel leads to an
inhomogeneous distribution of the particles and two distinct types of density waves are identified:
An S-shaped wave and a clump. The density waves are further characterized by quantifying their
temporal evolution using Fourier methods and examining local and global flow properties of the
system, including velocities, mass fluxes, granular temperatures, and stresses. A parametric study is
used to characterize the effect of the system parameters on the density waves. In particular we are
able to show that the dynamics of large systems are often qualitatively and quantitatively different
from those of small systems. Finally, the types of density waves and dominant Fourier modes
observed in our work are compared to those that are predicted using a linear stability analysis of
equations of motion for rapid granular flow. ©2002 American Institute of Physics.
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I. INTRODUCTION

Although the transport of bulk solid materials is an int
gral part of many industrial processes, a fundamental un
standing of granular flows is far from complete. The flow
granular material has been seen to exhibit many complex
including normal stress differences, heap formation, conv
tion under vibration and density inhomogeneities.1–6 There
has recently been a significant amount of interest in und
standing the formation of density waves and their effect
rapid granular flows. Because of the complex behavior
granular flows, researchers have generally focused on
metrically simple flow situations. Such work includes flow
shear cells, inclined chutes and vertical channels and var
types of density waves have been observed in all of th
systems.3,7–14Density waves may affect the flow propertie
heat transfer, and reaction rates of a process involving gra
lar materials.15 In addition, an understanding of the rap
flow of a granular material ties in directly with an unde
standing of many gas–particle flows.16–19 In general, gas–
particle interactions as well as particle–particle and partic
wall interactions can lead to the formation of density wav
in gas–particle flows. In this work we are interested in ch
acterizing and examining the effect of density waves in ra
granular flow in a vertical channel.

Molecular or particle dynamic simulations have beco
an integral tool in investigating granular flows.20–22 Such
simulations are very powerful tools because, in princip
they are able to give one all the information about t
system.19,23,24One is able to obtain local information on flo
and stresses that are difficult if not currently impossible
obtain experimentally. Particle dynamic25–27 and lattice-gas-
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automata simulations28 have identified density waves i
gravity driven granular flows. Poschel27 conducted two-
dimensional molecular-dynamic simulations of flow throu
a narrow vertical pipe and found that even if the flow
initially uniform, density waves become apparent. Peng a
Herrmann28 used a lattice-gas-automata simulation to exa
ine density waves and found that inelastic collisions betw
particles and rough walls were necessary for the formation
these waves. A parametric investigation of the types of d
sity waves that form and an examination of the effect of
inhomogeneities on the global flow properties of granu
materials have been left incomplete.

In addition to simulations, continuum theories have be
developed to investigate granular flow in channels. Den
waves in gravity-driven granular flows in a vertical chann
have been studied using a variety of techniques includ
modeling the system as interacting kinetic waves,26 using the
Langevin equation,29 and using the kinetic theory of dissipa
tive gasses.30,31 Wang, Jackson, and Sundaresan30 conducted
a linear stability analysis of equations of motion for granu
materials32 for three-dimensional gravity flow between pa
allel walls. They found that the base state was unstable
perturbations in the form of density waves. Eigenfunctio
corresponding to the unstable modes were examined an
was observed that three basic structures could be identi
Wang and Tong33 examined the temporal evolution of thes
three instability modes through numerical simulation a
Fourier analysis. Valance and Le Pennec31 connected density
waves in vertical channel flow to dynamical instabilities
conducting a linear and nonlinear analysis of quasi-o
dimensional equations of motion for granular materials. Th
found that below a critical value of flow density the flo
destabilizes and density waves form.

On earth an interstitial fluid, such as air, is usua
present and depending on the specific flow situation the

32-
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drodynamic forces due to the interstitial fluid~air! may have
a significant effect on the flow of grains. The role that t
interstitial fluid has in the formation of density waves
vertical channels has been a subject of investigation. M
of the recent experimental work done on gravity flows
granular material in pipes has examined the different fl
regimes found in narrow pipes.26,28,34–38Horikawa et al.34

hypothesized that back flow of gas is necessary for the
mation of density waves. These results and the theore
and computational investigations that are able to predict
formation of density waves without considering the prese
of air, question the relative importance of the mechanis
proposed for the formation of density waves. To gain a co
plete understanding of gas–solid flows one must take
account both the effects of gas–solid interactions as we
particle–particle interactions. Models of gas–solid flows
ten contain separate terms to model forces due to g
particle and due to particle–particle interactions.39 If inho-
mogeneities occur it is important to understand the effec
inhomogeneities on both of these terms. This work will
vestigate the effect of inhomogeneities on the partic
particle contribution to the stress tensor.

The structure of this paper is as follows. In Sec. II t
computer simulation used for this study will be described.
Sec. III the density waves we have observed will be char
terized. Two distinct types of density waves are identifi
and the effect of system parameters on the type of wave
forms is examined. The temporal evolution of the waves
examined using Fourier methods. This is followed by a d
cussion of the effect of the density waves on characteri
flow properties. Section IV offers a comparison with theor
ical predictions and Sec. V a summary of the results.

II. COMPUTER SIMULATION

The system studied in this work consists ofN identical
rigid disks of equal mass and diameterd enclosed in a rect-
angular cell of lengthL and widthW ~see Fig. 1!. The sys-
tem is enclosed with solids walls in the lateral (y) direction
and is periodically extended in the vertical (x) direction.
This two-dimensional system of disks can be interpreted
three-dimensional system with the motion of the spheres~of
appropriate mass! confined to thex2y plane of interest. In
this work we have simulated the rapid flow regime where
is assumed that collisions between particles are binary
instantaneous and that the particles act as hard disks
have adopted an event driven algorithm, which is compu
tionally efficient for the rapid flow regime.7

The only interactions that are allowed are instantane
contacts between pairs of particles and between a par
and a wall. The lateral component of velocity of each d
remains constant between collisions and the vertical com
nent of the velocity increases due to the gravitational for
When the disks impact they lose energy due to the fact
the collisions are inelastic. The determination of the po
collision velocity is determined by conservation of line
momentum together with the additional information pr
vided by the restitution of the particle. Conservation of line
momentum can be written in the following form:
Downloaded 11 Apr 2008 to 133.11.199.19. Redistribution subject to AIP
h
f

r-
al
e
e
s
-

to
s

-
s–

f
-
–

n
c-
d
at
s
-
ic
-

a

t
nd

e
-

s
le

k
o-
.

at
t-

r

m1c11m2c25m1c181m2c28 , ~1!

wheremi is the mass of thei th particle,ci is the translational
velocity of the particle and primed quantities indicates po
collisional quantities. The degree of inelasticity is reflect
in the coefficient of normal restitution,ep , which is the ratio
of the post-collisional and pre-collision velocities normal
the particle–particle surface contact. This information tak
the following form:

ep5
2k•w128

k•w12
, ~2!

where w125c12c2 is the relative velocity of the colliding
particles,k is the unit vector along the line from the center
particle 1 to the center of particle 2 and is given by

k5
~x12x2!

ix12x2i , ~3!

wherexi is the position of thei th particle.
The relative tangential velocities after a particle–parti

collision are based on the surface friction. Surface fricti
for particle interactions is modeled by incorporating a ta
gential coefficient of restitution,b, which is equal to the ratio
of the final to initial relative tangential velocities at the poi
of contact.2,40 The tangential coefficient of restitution i
given by the following relationship:40

k3g128 52b~k3g12!, ~4!

where

g125c122
d

2
k3~v11v2!,

and d and v i are, respectively, the diameter and angu
velocity of the (i th) particle.

FIG. 1. Schematic of gravity-driven flow in a channel.
 license or copyright; see http://pof.aip.org/pof/copyright.jsp
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3311Phys. Fluids, Vol. 14, No. 9, September 2002 Density waves in gravity-driven granular flow
The effect of particle friction can be examined by var
ing the value ofb chosen. The parameterb was initially set
equal to21, which results in the tangential components
the velocity to remain unchanged upon particle–particle
pact. This case will allow for a direct comparison with pr
vious continuum work on this system. The situation of fu
rough particles was also examined by settingb equal to 0,
which makes the surface friction of the particles lar
enough to stop any relative tangential motion of the partic
upon impact. Intermediate cases were also examined in o
to ascertain the effect of particle friction on the results~see
Sec. III A!.

The solid boundaries are modeled as frictional surfa
and a particle impacting with a wall is analogous to a parti
colliding with a particle of infinite mass moving at the v
locity of the wall. A unique coefficient of normal restitution
ew , is defined for collisions between particles and a w
The frictional properties of the walls were modeled in tw
different ways. The first involved the use of a specular
coefficient,f8, which is defined as the average fraction
relative tangential momentum transmitted from a particle
the wall during impact.41 The second involved the use of
unique coefficient of tangential restitution,bw for collisions
between particles and a wall.40 This model has been imple
mented by a large number of researchers carrying out
ticle dynamic simulations.2 By varying bw or f8 the effect
of wall boundary conditions could be examined. The fi
model ~i.e., a specularity coefficient! was chosen because
will allow for a direct comparison with a continuum analys
of this system, which will be discussed in Sec. IV. Defining
specularity coefficient is equivalent to defining a tangen
coefficient of restitution for stationary walls. The effect
wall friction can be examined by varying the value off8
chosen. A value off850 corresponds to a fully rough wa
~i.e., after a collision there is no relative tangential slip b
tween the particle–surface and the wall! while nonzero val-
ues allow for tangential slip.

Two initial conditions are used in this work. The first
a homogeneous initial condition and is a gas of initial u
form macroscopic density, which corresponds to an ela
hard disk gas with zero average velocity.12 The configuration
is achieved by first distributing disks uniformly within th
enclosure and then assigning the disks velocities drawn f
a Gaussian distribution with a zero mean and a variance
corresponds to the initial granular temperature. The sec
initial condition is a plug of material in the center of th
channel. This condition corresponds to the fully develop
flow that is observed in small channels and thus in so
sense represents a base state flow solution~see Sec. III A for
further details!. This initial condition will allow for a direct
comparison with previous continuum work on channel flo
From these initial states the simulation is allowed to evol
In many granular flows it has been shown that as the sys
evolves, from an initial uniform condition, the global pro
erties of the system, including stress, change significa
until the system reaches a statistical steady state.11 A similar
behavior is observed for gravity driven flow in a chann
Once the statistical steady state has been achieved, repr
tative macroscopic quantities were calculated. The deve
Downloaded 11 Apr 2008 to 133.11.199.19. Redistribution subject to AIP
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ment of steady flow regimes and the behavior of the sys
once it has reached a statistical steady state will be exam
in Sec. III A.

The program only searches for collisions between p
ticles that are located near each other, which is accomplis
by sectioning the system into cells. Only the particles that
found in either the same or neighboring cells are exami
for collisions.42 The enhanced computational speed is nec
sary to perform simulations of large systems for long tim
which are needed because the dynamics of large system
quantitatively ~and sometimes qualitatively! different from
those of small systems. The difference arises due to the
that density inhomogeneities that form in small systems
be different from those that form in larger systems. The
fect of the different types of inhomogeneities on the flow w
be examined by considering system properties such
stresses and granular temperature.

Transfer of microscopic momentum leads to the co
tinuum stresses in the system. The total stress experience
a flowing granular material is the sum of a kinetic and
collisional stress. The kinetic stress tensor is given by20

tk5rpn^u8u8&, ~5!

whereu8 is the instantaneous deviation from the mean
locity, rp is the particle density,n is the solids fraction, and
^ & represents an average over all particles in a partic
cell. The collisional stress tensor can be written as20

tc5d fc^Jk&, ~6!

whered is the particle diameter,f c is the area~or volumetric!
collision frequency.J is the impulse that is transferred be
tween the two particles over a distance equal to the part
diameter. It is equal to the magnitude of the change in m
mentum of the colliding particles and is given by the follow
ing equation:43

J5
m

2
~11ep!~g12•k!k1

m

2

~11b!

~11K !
K~g122~k•g12!k!,

~7!

wherem is the mass of a particle andK is a parameter which
describes the spatial distribution of the mass and is given

K5
2I

d2 , ~8!

andI is the moment of inertia of the particles and is equal
(md2)/8 for solid disks.

All stresses are reported in a dimensionless form and
nondimensionalized usinggWrp . An additional macro-
scopic value of interest is the granular temperature whic
given by

T5 1
2 ^u8u8&. ~9!

The granular temperature is nondimensionalized using
scalinggW. The fluctuation velocities have been comput
relative to average velocities in the region being examin
This is equivalent to dividing the system into cells~in both
directions! and collecting statistics in these cells. The form
tion of density waves will lead to dense and dilute regio
 license or copyright; see http://pof.aip.org/pof/copyright.jsp
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3312 Phys. Fluids, Vol. 14, No. 9, September 2002 Liss, Conway, and Glasser
within the flow and the instantaneous local average velo
in a small region will in general differ from the global ave
age values.~In any discrete system, statistical fluctuatio
about the average would occur, but the density waves
increase the magnitude of these velocity fluctuations.!

For the system described above the relevant dimens
less length scales are the ratio of the length to width,L/W,
and the ratio of the width to the diameter of the particl
W/d. An additional parameter of interest is the solids fra
tion, n. These three parameters are related by the defini
of the solids~area! fraction:

n5
Npd2

4WL
5

Np

4
L

W S W

d D 2 . ~10!

The effect of varying each of these parameters on the fl
behavior will be discussed below. Since we have used
dimensionless parameters in this work, the value of the
ameter of the particles is only important relative toW. How-
ever it is convenient to define a diameter in order to comp
our results with theoretical predictions; for this purpose
defined51800mm without any loss of generality. The re
evant time scale of the system is (W/g)1/2 and the relevant
mass isrpp(d/4)2. Because the particles simulated have
uniform mass and the stresses are scaled by the density
actual value of the mass does not affect any of the res
presented. All velocities reported in this work are nondime
sionalized using the scaling (gW)1/2.

III. RESULTS AND DISCUSSION

A. Characterization of the density inhomogeneities

Although much of this work is concerned with chara
terizing the flow regimes, we will start by examining th
development of inhomogeneities from a homogeneous in
condition. Investigating the transient behavior of the flo
will also contribute to our understanding of the relationsh
between the various forms of inhomogeneities that are id
tified. Figure 2 shows the development of the average kin
energy per particle,E, vs time,t, for systems with the ma
terial properties listed in Table I and two differentL/W ra-
tios. The parameters in Table I correspond to our base
and represent a system where wall friction is modeled b
specularity coefficient. In Fig. 2, time and energy are non
mensionalized using the scaling (W/g)1/2 and Wg, respec-
tively. Figures 2~a! and 2~b! show that from a homogeneou
initial condition of low granular temperature the energy
creases as the particles speed up due to the gravitat
force. As the particle velocities increase, the dissipation
energy due to~inelastic! particle–particle and particle–wa
collisions also increases and eventually this leads to a pla
in the total energy. The system is considered to be at a
tistical steady state once the energy of the system does
vary by more 5% of the plateau value for 500 collisions p
particle. In the figure it can be seen that the plateau in ene
~per particle! for L/W52 and L/W54 are not the same
This will be discussed further after examining each system
more detail. In Figs. 2~c! and 2~d! results are shown for the
Downloaded 11 Apr 2008 to 133.11.199.19. Redistribution subject to AIP
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same parameters@as in Figs. 2~a! and 2~b!, respectively# but
with an initial condition corresponding to a plug of materi
in the center~see caption for details!. Each of the simula-
tions, respectively, reached the same plateau value of
total energy reached using the homogeneous initial co
tion. The fully developed flow behavior of the systems w
the different initial conditions were also indistinguishable

Simulations were carried out for differentL/W values
and it was observed that in each case the energy reach
plateau which corresponded to a fully developed state w
an associated flow structure. Figure 3 summarizes the ev
tion of structure with system size and depicts the state of
systems after the simulations are considered to have rea
a fully developed state. These plots represent snapsho
systems with different length but with the same average
ids fraction, diameter of the particles, coefficient of resti
tion and width. Figure 4 shows vector plots of the flux
material for each of the systems examined in Fig. 3. The fl
plots are calculated by dividing the system into cells, wh
contain on average three particles, and multiplying the lo

FIG. 2. Dimensionless system average energy vs dimensionless tim
systems of varying size and initial conditions.W/d533.3, n2d50.31, ep

50.85,ew50.97, andf850.6. ~a! L/W52, from uniform initial condition,
~b! L/W54, from uniform initial condition,~c! L/W52, from plug initial
condition,~d! L/W54, from plug initial condition.~The plug initial condi-
tion was created from a simulation of an equivalent system withL/W
50.5 from an initial uniform distribution. The end state was then duplica
longitudinally as necessary for larger systems and used as the new i
state.!

TABLE I. Material properties.

Particle diameter,d: 0.0018 m
Width to diameter ratio,W/d: 33.3
Solids fraction,n : 0.31
Particle–particle coefficient of restitution,ep : 0.85
Tangential coefficient of restitution,b 21
Particle–wall coefficient of restitution,ew : 0.97
Specularity coefficient of wall collisions,f8: 0.6
 license or copyright; see http://pof.aip.org/pof/copyright.jsp
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3313Phys. Fluids, Vol. 14, No. 9, September 2002 Density waves in gravity-driven granular flow
average velocity and the solids fraction within that area. T
local average velocities of the particles were also exami
and are dominated by the average velocity in the flow dir
tion.

Due to the periodic boundary conditions in the vertic
direction, a particle that moves out of the bottom of the p
riodic box will re-enter at the top. The particles are plotted
disks based on the position of their centers and thus there
particles at the top and the bottom of the system that see
extend out of the flow domain being simulated. Figure 3~a!
shows a snapshot of the system, withL/W51. This snapshot
was generated from a simulation that started with a homo
neous initial condition. As the simulation proceeds the p
ticles move away from the walls and start to form a den

FIG. 3. Scatter plots of the position of the particles at statistical steady
for systems of varying size.W/d533.3,n2d50.31,ep50.85,ew50.97, and
f850.6. ~a! L/W51, ~b! L/W52, ~c! L/W53, ~d! L/W54, ~e! L/W
510, ~f! enlarged image of the boxed region in panel~e!.

FIG. 4. Vector plot of local average flux of material for systems of vary
size.W/d533.3,n2d50.31,ep50.85,ew50.97, andf850.6 ~a! L/W51,
~b! L/W52, ~c! L/W53, ~d! L/W54, ~e! L/W510.
Downloaded 11 Apr 2008 to 133.11.199.19. Redistribution subject to AIP
e
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region in the center of the channel. As time proceeds
dense region consolidates forming into a plug flow with t
maximum density and downward velocity corresponding
the center of the channel. Once the average energy of
system reaches a plateau value, the particles remain con
dated and flow as a plug. Plug flow can be defined as a fl
where there is a density variation in the lateral direction~the
direction perpendicular to the flow! but there is no apparen
structure in the vertical direction~the direction of the flow!.
Even in the relatively small system, in Fig. 3~a!, there is
some slight variation in the vertical direction. In order
obtain a ‘‘pure’’ plug flow, which is not susceptible to sligh
variations in the vertical direction, even shorter systems n
to be simulated. Systems as small asL/W50.5 have been
simulated and showed a ‘‘pure’’ plug flow.

It is not surprising that a system bounded with wa
should develop a plug flow since a similar structure, with
low density region near the walls and a high density plug
the center of the flow domain, has been observed in Cou
flow7,23,44–48and gravity flow systems.30 Plug flow has been
attributed to the shear exerted by the walls on
particles.23,45–47In this system withew50.97 the walls act as
a source of pseudo-thermal energy and create an increa
granular temperature near the walls~see Sec. III B!. The in-
crease in granular temperature results in a decrease in s
fraction near the wall and a corresponding increase in so
fraction in the center of the flow~due to mass conservation!.
The exact shape of the solids fraction profile and the deg
of densification in the center of a Couette flow system h
been shown to depend on the system parametersW/d, n and
shear rate.7,23,44,45,47,48A similar observation can be made fo
gravity-driven flow in a vertical channel.30 Depending on the
system parameters, the gradient in solids fraction across
channel can be more or less pronounced.

It is of interest to examine the structure of the plug
system size is changed. System size is a significant par
eter because many research experiments and simulation
granular materials are done for small scales while indust
processes are conducted on larger scales. Experimental
tems or simulations may not capture the appropriate struc
formation and therefore may not capture all the physics o
large industrial system to observe vertical structure in
flow. Figure 3~b! shows a snapshot for the fully develope
state for the same physical parameters as Fig. 3~a! but with
L/W52. A one-humped S-shaped wave is now apparent
this structure moves through system with time. It is of int
est to examine the temporal development of this wave. F
ure 5 shows the evolution from a plug initial condition to
statistical steady state. The plug initial condition was crea
from the fully developed state forL/W50.5; this state was
duplicated longitudinally as necessary for the longer syst
The snapshots of the system in Fig. 5 were taken cons
tively in time at the points depicted as solid circles on t
energy vs time plot, in Fig. 2~c!. As shown in Fig. 5~a!,
initially ~at the first point in time! the particles are distributed
throughout the system in a plug. However, the plug flow
unstable and as time proceeds the total energy of the sy
decreases gradually and vertical density variations star
develop as shown in Fig. 5~b!.
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The observed instability takes the form of an antisy
metric mode, i.e., a region with an increase in density ha
corresponding region with a decrease in density across
system centerline. This leads to a S-shaped one-humped
sity wave that moves through the channel. This instability~as
well as other cases! will be further characterized using
Fourier analysis in Sec. III C. The extent of vertical structu
initially increases and during this period the energy gradu
decreases. Once the energy reaches a plateau the wave
on the essential features of a fully developed travelling wa
i.e., a wave that has a fixed structure and moves through
at a constant speed. In a continuum framework, a trave
wave would appear as a steady state when viewed fro
frame of reference moving at the speed of the wave. In
discrete system, fluctuations are always present and sta
cal variations in the total energy and structure of the wa
are observed. Thus, calling the wave a ‘‘traveling wave’’
perhaps not completely appropriate since there is so
modulation of the wave as it moves. However, the ba
one-humped structure and general features remain pre
for all the times we have examined~which correspond to
thousands of collisions per particle!. This basic structure can
clearly be seen in the successive snapshots shown in
5~b! and 5~c!.

By generating contour plots of these successive sn
shots one can determine a velocity of the wave. For
system the dimensionless wave velocity is 8.360.7 while the
system average particle velocity is 7.0. Thus, the o
humped wave moves through the system with a velo
slightly larger than the granular material~on average!. To
investigate the motion of the wave we have followed spec
particles through the flow. From following tracer particles
is clear that particles in the dense regions moves primaril
the vertical direction while in the dilute regions the particl
have significantly more radial motion. The correspond
flux plot in Fig. 4~b! shows that most of the material transf
takes place in the high-density regions. The effect of loc
ized high and low density regions on the overall flow will b
examined in detail in Sec. III B.

The evolution of the wave from the homogeneous init
condition has also been examined and is presen

FIG. 5. Temporal development of a system withL/W52, W/d533.3,n2d

50.31, ep50.85, ew50.97, andf850.6. Scatter plots of the positions o
particles at dimensionless times~a! t50.5, ~b! t55, ~c! t525.
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elsewhere.49 In such a case the particles are initially distri
uted homogeneously through the system but as time
ceeds they form a dense plug in the center of the chan
This dense region consolidates, becoming more dense
narrow and develops into a plug flow where there is ess
tially no variation in the vertical direction. Vertical densit
variations then develop in the same manner as shown in
5. The same fully developed state evolves from the differ
initial conditions.

The transition between plug flow and a S-shaped o
humped wave has been investigated by running simulat
for decreasing values ofL/W values~from 2 to 1!. At inter-
mediate values ofL/W the vertical instability can be ob
served but becomes less pronounced untilL/W51.1, where
it is no longer obviously discernable. For largerL/W, two-
humped S-shaped waves have been observed: Figure~c!
shows a snapshot for the fully developed state forL/W53.
The temporal evolution of this state is analogous to that
the one-humped wave. However, in this case, the instab
takes the form of a period two antisymmetric mode, whi
leads to a two-humped density wave. Successive snaps
for this case have been examined~see Ref. 49! and while it is
clear that the dominant structure is a two-humped wave a
times, it can be seen that there is some modulation of
basic structure as the wave moves through the system
dimensionless wave velocity was computed, as before, an
has a value of 7.061 while the system average velocity
6.9. Simulations performed at intermediate values ofL/W
show that asL/W is decreased from 3 to 2 the system can
characterized as a two-humped wave untilL/W52.25,
where a transition state occurs. At this value ofL/W the
wave does not achieve a single identifiable structure
rather changes significantly as it moves down through
channel. It appears at different points in time as a o
humped wave, a two-humped wave and something in
tween the two.

Figure 3~d! shows a snapshot for the fully develope
state for L/W54—clearly, something else has develope
The temporal development of a system withL/W54 is
slightly more complicated than it is for smaller systems a
shows the relationship between the three forms of inhom
geneities that we have observed in gravity driven flows
granular materials in a channel. Figure 6 shows the evolu
from the plug initial condition to a statistical steady state
this system.~Again, this initial condition was constructed b
longitudinally duplicating the fully developed state forL/W
50.5.! The snapshots of the system in Fig. 6 were tak
consecutively in time at the points depicted as solid circ
on the energy vs time plot, in Fig. 2~d!. Initially ~at the first
point in time! the particles are distributed throughout th
system in a plug as shown in Fig. 6~a!. However, the plug
flow is unstable and as time proceeds the total energy of
system initially decreases and the presence of a vertica
stability becomes apparent@see Fig. 6~b!#. Something that
resembles a perturbed three-humped wave begins to form
the energy of the system continues to decrease, goes thr
a minimum and then gradually increases. Even though
energy of the system appears to level off, it does not imm
diately reach a steady state but continues to increase slig
 license or copyright; see http://pof.aip.org/pof/copyright.jsp
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3315Phys. Fluids, Vol. 14, No. 9, September 2002 Density waves in gravity-driven granular flow
with time. This is due to the fact that the structure formati
in this system is not yet complete and it takes longer to re
a fully developed state. Figure 6~c! shows that a localized
region of high density begins to form. Eventually, this regi
becomes more pronounced forming a dense clump as sh
in Fig. 6~d!. The clump then consolidates and remains sta
over long periods of time@see Fig. 6~e!#. A Fourier analysis
will be used to investigate this case in more detail in S
III C.

The dimensionless velocity of the clump was determin
to be 9.060.8 while the system average velocity is 7.7. T
corresponding flux plot in Fig. 4~d! shows that most of the
material transfer takes place in the high-density regions.
have determined the transition from a two-humped wave
clump by examining systems with intermediate values
L/W. The transition occurs atL/W53.6, where the system
does not achieve a single structure but exists at diffe
points in time as a two-humped wave, a clump or as so
thing in between.

The above discussion shows that structure formation
simulations of gravity driven flow of granular materials in
channel can be controlled by the system size. Once a sy
is large enough to capture clumping, simulating a syst
more than twice as large does not alter the flow behavio
the material. The system shown in Fig. 3~e! with L/W510
exhibits the same behavior as the system withL/W54. Fig-
ure 3~f! shows an enlarged image of the region of Fig. 3~e!,
which is surrounded by a dashed square, and it is appa
that within the clumped region the particles are packed v
densely. The particles are organized such that there is e
spacing between particles and they are aligned into layer
similar layering phenomena has been observed in dense
ette flow simulations and can be attributed to the geome
packing constraints of the particles~that they cannot overlap
each other! while undergoing shear in very dense flows.23,50

Although one may expect to see multiple clumps in lar
enough systems, we saw no evidence of this in any of
systems that we simulated. Although all of the structu
shown in Fig. 3 do fluctuate slightly with time, the bas
features are stable over long periods of time, which

FIG. 6. Temporal development of a system withL/W54, W/d533.3,n2d

50.31, ep50.85, ew50.97, andf850.6. Scatter plots of the positions o
particles at dimensionless times~a! t52, ~b! t57.5, ~c! t510, ~d! t528.8,
~e! t540.
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equivalent to thousands of collisions per particle.
Our simulations show that there are three characteri

structures that can form depending on the system parame
A plug, a wavy flow~with period one or period two waves!,
and a clump. As discussed above, density wave forma
has been attributed to the presence of an interstitial fluid
some cases.34,36Although our simulations assume that the
is no fluid present in the flow, the density waves which fo
are similar to those observed experimentally.27,34–37 This
work confirms that density waves can form solely due to
inelastic interactions between particles and the presenc
bounding walls. This is not to say that the mechanisms
the formation of density waves that can be attributed to
presence of an interstitial fluid are unimportant. In fact the
mechanisms may be dominant in some cases, but it is im
tant to understand all of the mechanisms that contribute
density wave formation.

The results discussed thus far have been for a specific
of system parameters. Robustness of the results has
examined by varying the system parameters and we h
seen that the three forms of inhomogeneities defined ab
are robust features over a wide range of parameters. Figu
shows the effect of varying the particle–particle coefficie

FIG. 7. Scatter plots of the position of the particles at statistical steady s
for systems of varying particle–particle coefficient of restitution.L/W
510, W/d533.3, n2d50.31, ew50.97, andf850.6, ~a! ep50.85, ~b! ep

50.90, ~c! ep50.925,~d! ep50.95.
 license or copyright; see http://pof.aip.org/pof/copyright.jsp
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of restitution on the fully developed inhomogeneities in
system withL/W510 and the other material properties list
in Table I. It is apparent that this system is highly sensitive
ep . Figure 7~a! shows a snapshot of the system shown
Fig. 3~e!, which is characterized by a well-defined clump. A
the coefficient is increased from 0.85 to 0.925 and the p
ticles lose less energy upon collision, the clump becom
narrower and less dense@see Figs. 7~b! and 7~c!#. At a high
enoughep @see Fig. 7~d!, ep50.95#, the system exhibits plug
flow ~to a small extent!. This relatively small change in th
value of ep has a significant effect on the flow behavior
the granular material. In addition, these results show
even in systems with large length to width ratios it is po
sible to observe stable plug flow. In contrast, simulatio
were performed for a particle–wall coefficient of restitutio
of 0.97 and 0.5. It was found that even with such a la
range of values, the results were practically identical and
the value of the particle–wall coefficient of restitution h
little effect on the flow and the inhomogeneities, except fo
slight increase in solids fraction near the walls whenew

50.5.
Wanget al.30 showed, using a continuum theory, that t

important system parameters for channel flow are the rati
width to diameter of particles and the average solids fract
Figure 8 shows a phase diagram of the effect of vary
these parameters while maintainingL/W54, ew50.97 and
ep50.85. At low values ofW/d, for the range of solids
fraction examined, the system experiences plug flow.
W/d is increased, at a constant value of solids fraction,
system experiences S-shaped wavy flow at intermediate
ues ofW/d and clumping at the highest values ofW/d ex-
amined. It is apparent that as the average solids fractio
increased there is an increase in the range ofW/d values for
which wavy flow ~the S-shaped wave! exists. Because the
periodicity of the waves is dependent onL/W, only two-
humped waves were observed in these simulations, wi
constant value ofL/W54. For a givenL/W value we have
observed that either fully developed one-humped waves
two-humped waves can form. In addition we have obser
that the two-humped waves occur in systems with hig
L/W values than those with one-humped waves. It is cl
from this figure that fairly modest variations in solids fra
tion or channel width can change the fully developed str
ture that is observed from a plug to a S-shaped wave
clump. As mentioned previously, it is also possible to fi
states where the system does not achieve a single struc

FIG. 8. Phase diagram depicting the type of inhomogeneity that is prese
systems of constant size but variable solids fraction and channel w
L/W54, ep50.85,ew50.97, andf850.6.
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but exists at different points in time as a two-humped wa
a clump or as something in between.

Our discussion thus far has focused on a single condi
for particle–particle~b! and particle–wall friction (f8). It is
of interest to examine the effect of friction by considerin
different cases. This is particularly important because in
mogeneities are formed easily in experimental systems
the ability to observe them in a simulation should not
restricted to a specific set of speculative parameters. We
ried out a large series of numerical experiments by chang
the friction parameters in the model and we found the res
were robust in the following sense: The three types of in
mogeneities~a plug, an S-shaped wave and a clump! dis-
cussed above were the fully developed states that were
served. The observed flow structure for a given set
parameters was fairly insensitive to the particle–wall con
tions while changes in the particle–particle frictional para
eter had a significant effect on the flow behavior. The eff
of the wall boundary condition was investigated by fir
varying the specularity coefficientf8. Simulations were car-
ried out for the parameters listed in Table I butf8 was varied
from 0.6 to 0. As discussed in Sec. II, a value off850
corresponds to a fully rough wall~i.e., after a collision there
is no relative tangential slip between the particle–surface
the wall! while nonzero values allow for tangential slip.
was found that even with such a large range off8 values, the
results were very similar, and the value off8 had little effect
on the fully developed inhomogeneities.

Figure 9 shows the effect of varying the particle–partic
coefficient of tangential restitution,b on the steady state in
homogeneities in a system withL/W52 and the other ma-
terial properties listed in Table I. As discussed in Sec. II,b
50 corresponds to the fully rough case~i.e., after a collision
there is no relative tangential motion of the particles! while
b521 corresponds to the smooth case~i.e., the tangential
components of the velocity to remain unchanged a
particle–particle impact!. In these simulations the frictiona
properties of the walls were modeled using a coefficient
tangential restitution,bw for collisions between particles an
the walls~see caption!. Figure 9~a! shows a snapshot of th
fully developed structure for a system with a particle
particle coefficient of tangential restitution ofb520.6. For
these parameters the system is characterized by a w

in
h.

FIG. 9. Scatter plots of the position of the particles at statistical steady s
for systems of varyingb. L/W52, W/d533.3, bw520.4, n2d50.31, ew

50.97, andf850.6. ~a! b520.6, ~b! b520.4, ~c! b520.2, ~d! b50.
 license or copyright; see http://pof.aip.org/pof/copyright.jsp
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FIG. 10. Variation of long time aver-
age steady-state system properties a
function of dimensionless lateral posi
tion. W/d533.3, n2d50.31, ep

50.85, ew50.97, and f850.6. ~a!
Solids fraction,~b! velocity in vertical
direction, ~c! flux, ~d! granular tem-
perature.~• • • • L/W51;
L/W52; L/W510.!
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defined plug. Asb is increased from a value of20.6 to20.4
the fraction of relative tangential energy lost during a co
sion increases and the fully developed state changes fro
plug to a one-humped S-shaped wave@see Fig. 9~b!#. A fur-
ther increase inb to a value of20.2 leads to a fully devel-
oped structure that changes significantly as it moves thro
the channel; the wave is essentially a clump@see Fig. 9~c!#
although there is marked modulation of the wave as it mo
through the system. In Fig. 9~d! a snapshot is shown for
fully developed flow forb50. The fully developed structure
is similar to that forb520.2 and as before it changes si
nificantly as it moves through the system. Further runs w
carried out for other parameter values and the general t
that was that a fully developed plug flow could be ‘‘desta
lized’’ by increasing the fraction of relative tangential ener
lost during a collision, i.e., an increase inb could change the
fully developed state from a plug flow to a wavy state. Th
relatively small changes in the value ofb had a significant
effect on the flow behavior of the granular material. In co
trast, simulations were carried out where the particle–w
coefficient of restitution,bw was changed from20.4 to 0,
and the results were practically identical. Finally we reit
ate, that although the quantitative details of exactly wh
the transition from one flow structure to the other did chan
changing the frictional parameters led to the same basic
homogeneities described above.

B. Effect of inhomogeneities on the flow properties

As defined above, flow properties such as kinetic stre
collisional stress and granular temperature are avera
quantities.51 Typically when reporting the flow behavior o
granular materials, researchers are interested in definin
single long time average over the entire system.9,20,21 For
systems that are homogeneously distributed, a single
time average value of these quantities can be appropr
Not only is the issue of appropriate averaging important
simulations of granular flows, but it is also directly releva
to many continuum theories, which assume that there
length scales above which inhomogeneities can be ignore
averaged out~see Ref. 52!. For a simple shear system th
Downloaded 11 Apr 2008 to 133.11.199.19. Redistribution subject to AIP
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presence of clusters was determined to increase the valu
the long time system averaged stresses and gran
temperature.49 In the following section we will examine how
the coexistence of dense and dilute regions in the flow affe
global and local system properties.

To examine the effect of density waves on the flow pro
erties, both a single long time average and a profile of
global quantities were calculated. Figure 10 shows profile
long time average values of the solids fraction, granular te
perature, scaled velocity and flux in thex direction, as a
function of dimensionless lateral position,Y. The walls are
located atY50 andY51. The profiles were calculated b
dividing the systems shown in Fig. 3 into strips in the late
direction. The long time averaged solids fraction by defi
tion remains constant in the system but the solids fract
profile changes with the form of inhomogeneity that
present. Figure 10~a! shows that when the system exists as
plug flow (L/W51), the solids fraction is lower near th
walls and denser in the center of the flow. When t
S-shaped wavy flow is present, forL/W52, the dense region
is no longer constrained to the center of the pipe and
average solids fraction profile broadens slightly. For
clumped system,L/W510, the particles within the clump
are more densely populated than in plug flow and the so
fraction profile has a sharper peak in the center of the ch
nel.

The single long time averaged velocity, flux, and gran
lar temperature are also affected by structure formation.
though the velocity profiles are fairly similar for plug flow
and clumping the average velocity decreases when
S-shaped wave is present@see Fig. 10~b!#. The decreased
velocity directly reduces the flux of material when the sy
tem exhibits an S-shaped wave as shown in Fig. 10~c!. When
calculating a single system value for the flux and velocity
became apparent that these values are 10% smaller f
system with S-shaped wavy flow than one with plug flow
clumping. Examining the granular temperature emphas
the effect of clumping on global system properties. The p
file and system averaged granular temperature for plug fl
and the S-shaped wavy flow are fairly similar but when
 license or copyright; see http://pof.aip.org/pof/copyright.jsp



em

er
pe
ur
c
e
he
a
e
c

th
uc
at
nt
pa

ect
uch
tly
ses
r a
he

ing
al
al

xi-

we
ow

ion
to

for
are
b-
e
the
ity.
s of
ag-
of

n-
nge
dial
the
sig-
ue
ve.
m

he
lli-
ease
the
and
e-
rial
and
nal

of
tem
the
res-

be

In
em-

a-

3318 Phys. Fluids, Vol. 14, No. 9, September 2002 Liss, Conway, and Glasser
system is clumped there is an increase in the granular t
perature.

The effect of density variations on local system prop
ties is shown in Figs. 11 and 12, which depict a one-hum
wave and a clumped system, respectively. These fig
show a scatter plot of the particles in the system, the lo
collisional and kinetic pressures, the granular temperatur
well as the local velocity of the material in the system. T
collisional and kinetic pressure is the sum of the norm
components of the collisional and kinetic stresses, resp
tively. Because instantaneous values of these properties
fluctuate significantly due to the discreteness of
system,49,53local averages should be calculated over as m
data as possible. The pressures and granular temper
were, therefore, calculated by dividing the systems i
equally sized cells, which contain an average of seven
ticles per cell. The number of cells used in thex and y

FIG. 11. Local steady-state flow properties of a system withL/W52,
W/d533.3,n2d50.31,ep50.85,ew50.97, andf850.6. Mx516, M y58.
~a! Scatter plot of particle positions,~b! shifted local average velocity,~c!
contour plot of local average collisional pressure,~d! contour plot of local
average kinetic pressure,~e! contour plot of local average granular temper
ture.

FIG. 12. Local steady-state flow properties of a system withL/W54,
W/d533.3,n2d50.31,ep50.85,ew50.97, andf850.6. Mx532, M y58.
~a! Scatter plot of particle positions,~b! shifted local average fluctuation
velocity, ~c! contour plot of local average collisional pressure,~d! contour
plot of local average kinetic pressure,~e! contour plot of local average
granular temperature.
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directions isMx andM y , respectively~see caption!. An ad-
ditional complication is that to accurately capture the eff
of inhomogeneities, local averaging must be performed s
that the position of the structure does not vary significan
over the time span of calculation. Therefore, the stres
were calculated by averaging the global properties ove
period of two collisions per particle. Over this time span t
wave only moves a small fraction of the flow domain.

The local average velocity was computed by averag
the velocity of the particles in each cell. However the loc
average velocity is dominated by the velocity in the vertic
direction for the systems in Figs. 11 and 12.~Thus a vector
plot of the local average velocity shows vectors of appro
mately the same length pointing vertically downwards.! In
order to see the variations in the local average velocity
have subtracted out the system average velocity in the fl
direction. In Figs. 11~b! and 12~b! this shifted local average
velocity is plotted. Since the equations describing the mot
of the particles are Galilean invariant this is equivalent
viewing the system from a moving frame of reference~mov-
ing at the system average velocity!. It should however be
noted that the motion of the walls must also be accounted
in such a moving frame of reference, i.e., the equations
Galilean invariant only if the average velocity is also su
tracted from the wall velocity. Thus if viewed from a fram
of reference moving at the system average velocity then
walls would be moving at minus the system average veloc
It can be seen that the local velocities in the dense region
a one-humped wave or a clump have a fairly constant m
nitude. In addition one can easily discern that the motion
the material follows the path of the wave or clump. In co
trast, the velocities in the dilute regions have a larger ra
of values and have relatively large magnitudes in the ra
direction. The vectors describing the material adjacent to
walls are pointing upward because this material moves
nificantly slower than the bulk and thus the vertical val
relative to the vertical system average velocity is negati
@Alternatively, in a frame of reference moving at the syste
average velocity, the walls would be moving upwards~not
shown!.#

The local collisional pressure values in both Figs. 11~c!
and 12~c! vary by more than an order of magnitude over t
flow domain. It is apparent from these figures that the co
sional pressure is highest in the dense regions. The incr
of collisional stress in the denser regions is caused by
particles in those areas having a shorter mean free path
colliding more frequently than if the particles were homog
neously distributed. In addition the reverse is true; mate
in the more dilute regions has a larger mean free path
thus collides less frequently resulting in a reduced collisio
pressure. It is important to note that the range of values
collisional pressure is twice as large for the clumped sys
than for the one-humped wave, which indicates that
larger, clumped system, can experience more extreme p
sures than the smaller, one-humped wave system.

The kinetic pressure and granular temperature can
seen in Figs. 11 and 12. As shown in Eqs.~5! the local
fluctuation velocity directly affects the kinetic pressure.
these plots both the kinetic pressure and the granular t
 license or copyright; see http://pof.aip.org/pof/copyright.jsp
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perature are lowest in the dense regions where the
humped wave or clump is present. The low values of th
quantities are due to the fact that the fluctuation velocity
the particles in these regions is fairly constant. Near the w
and in the more dilute regions of the system there is a la
range of velocities and the kinetic pressure and granular t
perature are larger.

From Figs. 12~d! and 12~e! it becomes apparent that no
only are the granular temperature and kinetic stresses lo
in the region of the clump but there is a region directly bel
the clump where the granular temperature is the grea
This is due to the fact that the largest gradient in velocitie
directly below the clump. Once again the range of values
kinetic pressure and granular temperature are significa
larger for the clumped system than for a one-humped wa
indicating that the larger, clumped system, can experie
more extreme conditions than the smaller, one-humped w
system. Such data was also examined for a plug and t
humped wave and the same qualitative features were
cerned, although the range of values in the plug was so
what smaller.

In order to quantify~and further examine! the observa-
tion that the clumped system exhibited the largest rang
the stresses we have computed stress distributions. In
ticular, we have examined the distribution of the values
the stresses for the clumped system and compared th
results for a plug flow. For the distributions reported in th
work, local stresses were calculated by examining equ
sized cells within the simulated domain that contained,
average, 14 particles. The number of cells used in thex and
y directions isMx andM y , respectively~see caption!. These
values were chosen to keep the size~and aspect ratio! of the
cells the same for the different systems. The stresses w
then calculated in each cell over a time span of two collisio
per particle. In order to collect better statistics this proced
was carried out as the system advanced in time, i.e., the l
stresses were measured in time windows of two collisi
per particle. The distribution of all these values in time w
then determined. Choosing the value of temporal averag
as two collisions per particle was done to maximize
amount of averaging in a length of time that did not allo
significant motion of the structure being examined. Res
for a smaller amount of time or smaller cells gave the ba
features discussed below.

The frequency distributions of the kinetic stress and c
lisional stresses for simulations with the material proper
listed in Table I andL/W51 and 4, are shown in Fig. 13
The frequency distributions are based on stresses meas
in cells at a singley-location in each of the flows~see cap-
tion!. It can be seen that all the distributions are positiv
skewed. In Figs. 13~a!–13~c! the collisional stress distribu
tions are plotted and both the plug flow and clumped syste
have similar shapes. In Figs. 13~d!–13~f! the kinetic stress
distributions are plotted and as before, the plug flow a
clumped systems have similar shapes. It should be noted
the txx and tyy components of the kinetic and collision
stresses are always positive as they involve squaring the
locity or impulse components@see Eqs.~5! and ~6!#. This is
not the case fortxy where both negative and positive valu
Downloaded 11 Apr 2008 to 133.11.199.19. Redistribution subject to AIP
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are observed. In all cases considered, the collisional st
distributions for the clumped system have a greater
quency of the largest and smallest values than the sys
experiencing plug flow. The increased frequency of the la
est values is represented by the longer tail of the distri
tions, which is more apparent fortxx andtyy . There are less
marked differences between the kinetic stress distributi
for the plug flow and clumped system. In particular the d
ferences are mostly quite small and thus it is not as eas
ascribe a general trend to the data. However, we can say
in all cases the frequency of the largest and smallest va
for the clumped system are greater than or equal to that
the plug flow. Distributions were also computed for cells
different y-locations in the flow~not shown! and the same
general trends~discussed above! were observed.

The increase of frequency of the smallest and larg
values of the stresses for a clumped system can be attrib
to the large variation in local particle densities that exi
when this type of inhomogeneity is present. As shown in F
3 the clumped systems are characterized by a region of
high solids fraction surrounded by dilute regions. The m
densely populated regions of the clumped system experie
a much greater number of collisions per unit time than a
region of the system with plug flow, resulting in higher va
ues of the collisional stress. Although the percentage of v
high values of the stress may not be large, they can still h
significant impact on the system. For example, when con
ering particle attrition the largest values of collisional stre
controls the amount of particle breakage which occurs.53 The
increase in the frequency of the largest and smallest value
the kinetic stress in a clumped simulation can also be att

FIG. 13. Frequency distribution of the stress tensor of a system withW/d
533.3, n2d50.31, ep50.85, ew50.97, andf850.6. ~a! txx

c , ~b! txy
c , ~c!

tyy
c , ~d! txx

k , ~e! txy
k , ~f! tyy

k ~• • • • L/W51, L/W54!. For L/W
51, Mx54, M y58; for L/W54, Mx516, M y58. The cells used to mea
sure the stresses were centered aty50.6875 W.
 license or copyright; see http://pof.aip.org/pof/copyright.jsp
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FIG. 14. Power spectrum density,P, of the transition
from plug flow to a one-humped wave for a system wi
L/W52, W/d533.3, n2d50.31, ep50.85, ew50.97,
f850.6, N1524, andN2512. Cone plots of power
spectrum at dimensionless times~a! t50.5, ~b! t55.
Corresponds to Figs. 5~a! and 5~b!.
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uted to the diverse environment present in a clumped sys
The uniform velocity of the particles on the clump, shown
Fig. 12~b!, results in lower kinetic stresses in that region.
addition, the interaction between regions of high and l
density in a clumped simulation results in high fluctuati
velocities and thus high values of the kinetic stress.

C. Temporal evolution of flow regimes

In order to quantify the instability modes and exami
the development of the different flow regimes, we have c
ried out a Fourier analysis of the density fields. Hopkins a
Louge9 and Wang and Tong33,54investigated density inhomo
geneities in granular flows using a fast Fourier transfo
~FFT!. In the former work, structure was correlated with t
magnitude of the total stresses in the flow, while in the la
cases Fourier methods were used to track density wave
mation. A similar Fourier analysis is used here to exam
the development of the wavy and clump flow regimes in
spatial domain, by monitoring dominant frequencies in wa
number space.

A two-dimensional FFT is used to quantify the amp
tude of density fluctuations. As described in the previo
section, density fields were generated by dividing the sys
Downloaded 11 Apr 2008 to 133.11.199.19. Redistribution subject to AIP
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into cells, resulting in an even distribution ofN13N2 data
points in the space domain, where the subscripts refer to
x andy coordinates, respectively. The FFT algorithm inMAT-

LAB is used to generate anN1 by N2 matrix of ~generally!
complex Fourier expansion coefficients,X. The dimensions
of X were set to exactly match the density data set dim
sions to avoid automatic truncation or addition of zero valu
by the MATLAB algorithm. This avoids generation of sha
discontinuities, which would lead to false Fourier coef
cients adjacent to the true values, trailing off as 1/N. The
complex Fourier coefficients were used to compute pow
spectra, and here the values of the power matrix,P, are cal-
culated using

P5
2•X•conj~X!

~N1N2!2 . ~11!

This form of the power function is normalized by th
~squared! denominator value, to remove the dependence
power on the mesh size chosen. Power spectra,P, for the
Fourier transforms of the density fields are depicted as
face plots~which are shown in Figs. 14–16!, where peak
amplitudes correspond touaj ,ku in the general Fourier serie
term aj ,k exp@i2p((bj x/L)1(bk y/W))# ~where aj ,k is com-
FIG. 15. Power spectrum density,P, of the transition
from plug flow to a two-humped wave for a system
with L/W53, W/d533.3, n2d50.31, ep50.85, ew

50.97, f850.6, N1536, andN2512. Cone plots of
power spectrum at dimensionless times~a! t52, ~b! t
54.9, ~c! t528.6.
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FIG. 16. Power spectrum density,P, of the transition
from plug flow to a clump for a system withL/W54,
W/d533.3, n2d50.31, ep50.85, ew50.97, f850.6,
N1548, andN2512. Cone plots of power spectrum a
dimensionless times~a! t52, ~b! t57.5, ~c! t510, ~d!
t528.8. Corresponds to Figs. 5~a!–5~d!.
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plex!, and the coordinates ofP correspond to the harmoni
valuesbj andbk . Due to the symmetry ofP about the Ny-
quist frequency, half of the peak values for power in each
the x and y directions are redundant, and, as in Wang a
Tong, only the first quadrant of the power matrix will b
analyzed. Nonetheless, there is significant difficulty in dist
guishing the nonconstant Fourier coefficients in the prese
of large amplitude constant terms in each density funct
expansion. This problem is exacerbated since the ampli
of the constant term peak is 23 larger than all other peak
~except for the peak corresponding to the Nyquist frequen!
due to symmetry properties. For this reason, the mean v
of the density over the entire spatial domain inx andy was
removed from the power spectra. This was achieved by
ting the~0,0! coefficient ofX to zero.~This simple filter was
imposed after the FFT was executed instead of removing
mean before transforming, to avoid generating false coe
cients from the resulting sharp discontinuities.!

The temporal development of the power spectra are
picted in Figs. 14–16 for systems corresponding to the
rameters in Table I and increasingL/W ratios. The corre-
sponding fully developed density waves can be seen in
3. Figure 14 depicts a system withL/W52, simulated from
the plug initial condition, and at dimensionless times cor
sponding to the scatter plots in Figs. 5~a! and 5~b!. A domi-
nant peak, labeled A, can be observed at wave number~0,1!,
where the first ordinate refers to the vertical direction,x. The
transition from a plug to the one-humped wave is marked
the birth of a second peak B at~1,1!, which grows to a
maximum size and then remains almost constant as the
humped wave structure reaches full development. For
L/W53 case shown in Fig. 15, an equivalent behavior
observed@see Fig. 3~c! for the corresponding fully develope
wave#. From the initial plug structure, where the~0,1! peak
~Peak A! is dominant, the two-humped wave develop
which corresponds to the growth of a Peak C at~2,1!. Simi-
larly, theL/W54 case in Fig. 16, is shown for dimensionle
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times corresponding to the scatter plots in Figs. 6~a!–6~d!.
The plug flow initial condition, with a peak at~0,1! transi-
tions to a three-humped wave dominated by peak D at~3,1!
@see Fig. 16~b!#. The transition to the clump condition corre
sponds to the appearance of a new peak E at~1,0!, which
eventually eclipses all other peaks except peak A at the la
time values.

Greater resolution in the wave number space and a
tional higher modes could be investigated by decreasing
interval size over which locally averaging is performed
generate the density data, although this would result in
creased noise. In effect, this would increase the samp
frequency in the spatial domain. However, it should be no
that the additional resolution in the spatial domain would n
result in greater resolution in the wave number space,
would only allow more of the higher frequency modes
become apparent. In Figs. 14–16, only the first six wa
number ordinates in each direction were plotted. The ot
ordinates~totaling 12 in theW direction, and up to 48 in the
L direction! are not shown due to:~i! The symmetry of the
power spectrum around the Nyquist frequency, and~ii ! the
fact that the peaks of all other frequencies lower than
Nyquist frequency were negligible. Also, a common sign
processing practice is to impose a window on the data
counter the effects of discretization when sampling the s
tial domain, to reduce leakage of power amplitudes to
peaks of adjacent Fourier coefficients. In this case, windo
ing was deemed unsatisfactory since generation of false
efficients that fall off as 1/N1 and 1/N2 would be expected.
As relatively few modes were expected, and the abso
magnitude of the power spectrum peaks are not as impor
as relative growth rates, the additional complexity of wi
dowing was avoided.

The dominant frequency instability modes represen
by peaks at~1,1!, ~2,1!, and ~3,1! represent antisymmetric
density modes confined by the system dimensions. O
could expect that for sufficiently long systems, the antisy
 license or copyright; see http://pof.aip.org/pof/copyright.jsp
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metric wave frequencies would occur at higher and hig
frequencies in thex ~or L! direction. Indeed for the case o
L/W510 @corresponding to Fig. 3~e!#, Fourier analysis
shows the dominance of a peak at~7,1!, corresponding to a
seven humped wave. This again collapses to a single cl
at longer times, but not before two clumps become visib
and a peak of~2,0! is observed. However, this condition
not stable and eventually collapses to the one clump m
~0,1! as peakE dominates.

The transient development of each of the dominant
quency peaks identified above is tracked in Fig. 17. Wa
and Tong33 distinguished between linear and nonline
growth of each mode in the continuum model using plots
ln(P/P0), where P0 is the initial amplitude of each powe
peak, and the same depiction is used here. In the pre
study, the amplitudes generally increase with time, except
the main lateral mode~0,1!, which decreases as the centr
plug structure becomes less dominant for wavy and clum
flows. For theL/W52 case shown in Fig. 17~a!, growth of
peak B to a plateau level marks the development of the st
S-shaped wave flow condition. Even at long times there

FIG. 17. Temporal evolution of Fourier modes for a system withW/d
533.3, n2d50.31, ep50.85, ew50.97, andf850.6. Plot of ln(P/P0) for
dominant modes against dimensionless time for~a! L/W52, transition from
plug to one-humped wave, -•- A ~0,1!, -j- B ~1,1!. ~b! L/W54, transition
from plug to clump. -•- A ~0,1!, -m- D ~3,1!, -j- E ~1,0!.
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significant fluctuation~amplified by the log plot! of these
modes due to the modulation of the wave as it mov
through the channel. Similar trends are observed in
L/W53 case~not shown!. Turning toL/W54 case shown
in Fig. 17~b!, peak A is at a maximum initially, when th
plug flow is most pronounced. Peak D then starts to eme
as the three-humped wave forms. The log plot shows ini
growth of this mode is relatively rapid, until the wavy flow
established, and growth terminates. The amplitude of
plug flow, peak A, remains fairly constant during this tim
although a decrease can be seen at the establishment o
S-shaped wavy flow. To reach the clump flow at long
times, peak E at~1,0! grows before leveling off as the clum
forms. It appears that the amplitude of the three-hump
wave condition, peak D at~3,1!, decreases correspondingl
At long times there is significant fluctuation in the~3,1!
mode while the~1,0! mode levels off to a fairly constan
value. The Fourier analysis was also applied to S-sha
waves and clumps for other parameter values, and sim
results were observed.

IV. COMPARISON WITH THEORETICAL PREDICTIONS

We have shown using particle dynamic simulations t
gravity flow of a granular material in a channel is not un
form but exhibits three distinct forms of inhomogeneities:
plug, an S-shaped wave and a clump. Wanget al.30 investi-
gated channel flow by examining the equations of motion
granular flow with constitutive relationships proposed
Lun et al.32 and showed that density wave formation is
manifestation of a dynamical instability. They investigat
both the ~base! fully developed flow as well as the linea
stability of these solutions to small perturbations. Plug flo
was observed as the steady state, fully developed den
profile. The base state was then found to be linearly unsta
to perturbations in the form of density waves. Eigenfunctio
corresponding to the unstable eigenvalues were also ex
ined and these took the form of an antisymmetric travel
wave and two types of symmetric traveling waves. Wang a
Tong33 examined the temporal evolution of each individu
mode through numerical simulation and Fourier analys
The resulting density inhomogeneities they observed can
broadly classified within the categories of a plug,
S-shaped wave and a clump~although they were not dis
cussed in this way!. In this section a direct comparison of th
density waves from our particle dynamics simulations a
the linear stability analysis of Wanget al.30 and the numeri-
cal simulation of Wang and Tong33 will be discussed. It
should be noted that their analyses considered a th
dimensional system in which the motion of the particles w
confined to a two-dimensional~2D! plane. A comparison be
tween the three-dimensional~3D! theoretical stability analy-
sis and the two-dimensional results presented in this w
can be accomplished by a conversion of the solids fract
The conversion, which we used in this work, was deriv
based on a comparison between a hexagonal lattice an
FCC unit cube55 and can be expressed as
 license or copyright; see http://pof.aip.org/pof/copyright.jsp



m
u
d

n
of
ad
i

in
s

flo
sit

o
tr
he
c-
ig

e

in
na
th
gt
th
s
re
n

m
ot

b
i-
st
is

av
th

o
d
th
n
e

u
dy

e
th

d a
ms,

ed
he

od

-
ndi-
for

in a

a

m
th

of

an-
are
th
er-

itial

on
s a
e

ady

3323Phys. Fluids, Vol. 14, No. 9, September 2002 Density waves in gravity-driven granular flow
«3D512
2

Ap)
~12«2D!3/2 ~12!

where« is the void fraction and is equal to 12n.
We carried out simulations for the same particle dia

eter, density and specularity coefficient as in the continu
stability analysis and numerical simulation. They examine
range of system parameters includingW/d, solids fraction,
and coefficient of restitution of the particles and coefficie
of restitution of the walls. They found that the coefficient
restitution for collisions between particles and walls h
little effect on the overall flow behavior, as was observed
this work. Their study examined three systems in detail
cluding a system with aW/d566, three-dimensional solid
fraction ofn3D50.15,ep50.95,f850.6, andew50.97. For
this set of parameters, they observed that the base plug
is unstable to both symmetric and antisymmetric den
waves. The dominant instability occurs at a wavelength
1.3 times the width of the system and is an antisymme
instability; the addition of the density eigenfunction to t
base~plug flow! state would appear to result in a flow stru
ture similar to the one-humped wavy flow observed in F
3~b! @see Fig. 14~f! of Ref. 30 and Fig. 12 of Ref. 33#. ~It
should be noted that Wanget al.30 and Wang and Tong33 plot
two vertical periods of their periodic box. In addition th
waves presented by Wang and Tong33 are stretched in the
vertical direction and plotted in square boxes.!

One would expect to observe the dominant instability
systems that are larger than the wavelength of the domi
instability. For this set of parameters, the wavelength of
symmetric instability is larger than the dominant wavelen
and therefore would not be manifested in this system;
addition of the symmetric density eigenfunction to the ba
~plug flow! state would appear to result in a flow structu
similar to a clump. These results indicate that in simulatio
with L/W greater than 1.3 we would expect to find antisy
metric density waves~assuming that nonlinear effects do n
completely change the structure of the waves predicted
their analysis!. This is born out by our numerical exper
ments where we indeed do observe an antisymmetric in
bility ~see Fig. 18! although exact quantitative agreement
not observed~as discussed below!. Wang and Tong investi-
gated the Fourier modes of this antisymetric density w
instability,33 and observe two series of peaks. The series
grows initially ~also the linear instability! correspond to the
peaksA-B discussed above~in Sec. III C!. Wang and Tong
also see all of theA peaks of the series cede to a new set
peaks. Although the discreteness inherent in this particle
namic simulation does not afford the same resolution as
Fourier transforms in the continuum study, the investigatio
in frequency space do add support that both simulations g
erate the same phenomena.

Figure 18 shows the fully developed state for our sim
lations with equivalent parameters to the continuum stu
W/d566, n2D50.31 ~equivalent ofn3D50.15!, ep50.95,
f850.6, andew50.97. This figure shows that when th
L/W50.5 the system is stable and flows as a plug. As
size of the system increases andL/W52 the system be-
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comes unstable to fluctuations in the vertical direction an
one-humped wave is apparent. For even larger syste
L/W54, a two-humped antisymmetric instability is observ
and this develops into a two-humped density wave. T
growth of two~and more! humped waves can be understo
from ~and are in accord with! the linear stability results of
Wang et al.30 They considered the fate of only single
humped modes but they employed periodic boundary co
tions in the vertical direction; this means that any results
a one-humped mode in a channel of lengthL will be the
same as those for the corresponding two-humped mode
channel of 2L and a three-humped mode in a channel of 3L,
and so on. They observe the maximum growth rate~for
single-humped modes! at L51.3W. Thus there also exists
two-humped mode in channel ofL52.6W ~twice the origi-
nal length! which would develop at this same maximu
growth rate. Thus by the very fact that the maximum grow
rate is atL51.3W, one can conclude that the growth rate
a single-humped mode in a channel ofL52.6W will be less
than the growth rate of the two-humped mode in this ch
nel. This same argument holds for channel lengths than
not multiples of that corresponding to the maximum grow
rate. Thus, the linear stability results also explain the obs
vation that in systems of large lengths we observe the in
development of many-humped S-shaped waves~see Sec.
III A !. As it turns out these many-humped waves later go
to coalesce to form a clump but this can be interpreted a
result of nonlinear effects~which cannot be captured by th
linear stability analysis!. We note, that while Wang and

FIG. 18. Scatter plots of the position of the particles at statistical ste
state for systems of varying size.W/d566, n2d50.31, ep50.95, ew

50.97, andf850.6. ~a! L/W50.5, ~b! L/W52, ~c! L/W54.
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Tong33 did capture nonlinear effects in their simulations, th
only examined the fate of one-humped disturbances.

For the above-mentioned case there is qualitative ag
ment between the particle dynamic simulations and the lin
stability analysis in that the basic structures we observe
be inferred from the linear stability analysis, although ex
quantitative agreement for a given parameter value is
observed. Perhaps this is not surprising given the uncert
ties with the conversion of the volume fractions. In additio
as discussed by Wanget al.,30 the equations of motion use
in their work were derived with the assumption that the c
efficient of restitution differs only slightly from unity.

In any event, a linear analysis only predicts the direct
of growth of instabilities and is only valid near the stea
solution. A more instructive comparison would be to co
pute ~the equivalent of! eigenfunctions directly from ou
simulations and compare those results with the eigenfu
tions presented by Wanget al.30 This was accomplished b
using a fully developed plug flow state as the initial con
tion for a larger system that~we know! will become unstable
to density waves. As expected a density wave started to
velop and a snapshot of this low amplitude wave was tak
A contour plot of the density distribution of the plug flo
state was subtracted from the contour plot of the low am
tude wave to construct a density ‘‘eigenfunction.’’ Th
eigenfunction is shown forL/W52 in Fig. 19~a!. Although
the contours represented in these figures are not sm
curves, due to the discrete nature of the simulations, the
tisymmetric one-humped instability, discussed above, is
parent from this plot. The corresponding Fourier analysis
this system shows that the dominant Fourier mode
sin(x)sin(y); this Fourier mode~with a vertical phase shift! is
plotted in Fig. 19~b!. This Fourier mode was computed ea
lier as Peak B~1,1! for the L/W52 case. The compute

FIG. 19. Contour plot of a system at statistical steady state withL/W52,
W/d566, n2d50.31, ep50.95, ew50.97, andf850.6. ~a! Locally aver-
aged eigenfunctions,~b! z5A sin(x)sin(y).
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mode in Fig. 19 strongly resembles the eigenfunction p
shown in Fig. 14~f! of Wanget al.30 It is also of interest to
compare the wave velocities that the continuum work p
dicts with those we observe. ForL/W52 we compute a
dimensionless wave velocity for the S-shaped wave of
61.6 while Wanget al.30 compute a phase velocity of 10.
corresponding to the maximum growth rate.

Wang et al.30 also considered a system with aW/d
533.3, n3D50.15, ep50.95, f850.6 andew50.97. ~This
system has material properties equivalent to the tw
dimensional system listed in Table I but with an increas
value of ep.) They found that the base plug flow is on
unstable to symmetric density waves; the addition of the d
sity eigenfunction to the base~plug flow! state would result
in a flow structure similar to the clump observed in Fig. 3~d!
@see Fig. 14~b! of Ref. 30 and Fig. 7 of Ref. 33#. Simulations
of systems with the same parameters as this system~using
n2D50.31 which is equivalent ton3D50.15! for L/W as
large as 20 showed a plug flow and did not exhibit clum
formation. The lack of agreement in this system is m
likely due to the conversion between two and thre
dimensional systems.

Although Wanget al.30 do not report results for a system
equivalent to the two-dimensional system listed in Table
the solution forep50.85 would only change quantitativel
from ep50.95. From their results forep50.95, it is apparent
that the instability with the highest growth rate can either
a symmetric or an antisymmetric density wave depending
the wavelength of the instability~although the highes
growth rate is negative for wavelengths smaller than 6
and, therefore, only symmetric density waves have posi
growth rates!. The transition from the antisymmetric insta
bility to the symmetric instability occurs at a wavelength
3.92. We can now suggest how these results will change
ep is decreased. Decreasingep tends to make the system les
stable and results in an increase of the growth rate of
instability at a particular wavelength. Instabilities that pre
ously had negative growth rates could have a positive gro
rate at lowerep . It is possible that a system with a lowe
value ofep has negative growth rates for small wavelengt
Then at some wavelength smaller than the transition fr
antisymmetric to symmetric instabilities the growth ra
would be positive and antisymmetric density waves wo
manifest. As the wavelength is increased there would then
a transition, above which the symmetric instability wou
occur. This is indeed what we found and presented in Fig
These simulations show that for small systems the flow
stable and exists as a plug. As the size of the system
increased the system becomes unstable to fluctuations in
vertical direction and wavy flow is apparent. WhenL/W is
further increased symmetric instabilities are manifested
the appearance of a clump. However even in this case t
is an important difference: Wanget al.30 and Wang and
Tong33 show results where the only unstable mode is a sy
metric traveling wave. In such a case the instability of t
plug takes the form of a symmetric wave that develops int
clump that moves through the system. While we have car
out hundreds of simulations for a large range of parame
values we have never seen a purely symmetric instability
 license or copyright; see http://pof.aip.org/pof/copyright.jsp
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on the plug. Instead we always observe the presence o
antisymmetric mode at short times. For systems of la
L/W the symmetric mode does come into play~as discussed
above! and as time progresses it even dominates; and a f
developed clump state is observed~see Fig. 5!. At the same
time, we should note that the inherent noise in the MD sim
lations and the difficulty in separating linear and nonline
effects means that we cannot rule out that thelinear insta-
bility is purely symmetrical for some of the runs. We shou
also point out that our results do not rule out the possibi
of parameter ranges existing where the purely symme
mode dominates. In any event it is of interest to compare
wave velocities we observe for a clump with those compu
in the continuum analysis~taking into account that theep

values are different!. For the clump in Fig. 3~d! we computed
a wave velocity of 9.060.8 while Wanget al.30 compute a
phase velocity of 7.2 corresponding to the maximum grow
rate.

We are unable to compare our results with the third s
tem examined by Wanget al.30 because it is an extremel
dense system and the~equivalent! simulation used for this
study experiences inelastic collapse.56 In summary Wang
et al.30 and Wang and Tong33 observe a base plug flow sta
and instabilities that take the form of antisymmetric or sy
metric density waves. We do qualitatively observe the b
state and the types of instabilities predicted by the lin
stability analysis. Morevoer both the continuum analysis a
molecular-dynamic simulations lead to traveling dens
waves that can be characterized as S-shaped wave
clumps. However, for the parameter values we examined
results do not agree quantitatively. Once again, this could
due to the conversion between two and three-dimensio
systems resulting in inaccurate values of solids fraction;
lack of agreement could also arise from the inherent assu
tion in the continuum equations that the coefficient of re
tution differs only slightly from unity.

V. CONCLUSIONS

The formation of density inhomogeneities during grav
driven flow of granular material in a channel has been exa
ined. Three distinct steady state forms of inhomogenei
have been observed. A parametric study identified the im
tant system parameters and how they affected the typ
inhomogeneity which is observed. It was found that a va
tion in system and particle properties can significantly aff
the formation of density waves but the wall properties
considered had little effect. The effect of density variatio
within the flow domain on global system properties was a
lyzed, and the temporal evolution of characteristic Four
coefficients was quantified. It was found that density wa
could significantly change flow properties such as stres
pressures, and granular temperature. Finally, simulation
sults were then compared with the theoretical results
Wanget al.30 and Wang and Tong33 and fairly good qualita-
tive agreement was found for the types of instabilities a
density waves that were observed.

Particle dynamic simulations have provided an id
means of testing continuum theories derived from the kin
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theory of dense gases.3,10,20 For channel flow, further con-
tinuum and particle dynamic work is needed in order to
ford a definitive comparison. Moreover, continuum theor
assume that there is scale separation between properti
the flow that are of the scale of grains~microscopic! and
global system properties~macroscopic!. It is inherent to
these models that there are length scales above which sy
properties can be averaged. In general, density wave for
tion directly affects the flow properties of the system. Sy
tems must therefore be modeled either at scales which
ture structure formation or coarse-grid models must inclu
corrections which account for the additional effects of inh
mogeneities. Work on coarse-grid models has been initia
for gas–particle flows.57 The prevalence of inhomogeneitie
in granular flows suggests that coarse-grid models may
appropriate for granular flows.
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