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One-sentence summary

We developed an adjoint-based method
that enables exact Hessian computations up to a given floating point limit.
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Adjoint method

We consider an autonomous ordinary differential equation(ODE):

Xo=0 = =f(x) = xr(©)

Forward model

and a minimization problem of a cost function defined by the final state f = T’

. C
min C ()CT (9))
0 : —VoC
via an gradient method using a gradient V,( \{\./ v,
Adjoint method calculates V,( exactly by solving s Ontm
d
A =VoC | G -~ = (V)" A ¢ 17 =V,C

Adjoint model
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Second-order adjoint method

Adjoint method is available for a first-order derivative computation, while
second-order adjoint (SOA) method is available NS

for a second-order derivative (Hessian matrix H, ) computation. ﬁ;ﬁﬂ‘ﬁ}
0

d >
—0; = (Vf) o, * o7

dt
& ér = Hyor

Tangent linear model
He =V.V.'C

d
=& = (V)T &+ (VYo A
SOA model

* These model are derived from the first-order perturbation
of the forward and adjoint models.

SOA provides an exact Hessian-vector product for arbitrary vectors.

SOA is available for optimization methods, uncertainty quantification, .
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Application

* Fast optimization

- Newton method 6 «— 0 + y where Hgy — —VQC V: Descent vector

* Nonlinear conjugate gradient method

T
z HoVoC
4 o VHC ZTH 7 < Z : Conjugate vector
0 17 : Learning rate C(6)
0 — 6+ nz [ \/
p(0) o e~ ¥ 9
. : . 0
Uncertainty quantification (UQ) p(6) %@ ~log ()
Ito et al., (2016)
Solve HAZ _ I toeta

_ -1
2 =H,

via Krylov subspace methods
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Adjoint and SOA methods give exact gradient V4( and Hessian-vec. prod.Hyy

if all of the models are solved analytically.

In practice, all of the models are solved numerically,
using time integral schemes, e.g., Runge—Kutta methods.

— inexact due to discretization errors, machine errors

Forward model Tangent linear (TL) model
d d
tht = f(x) Eét = (V.f)d;
Adjoint model SOA model
d
— A=) A —d%ft = (VN7 &+ (VY6 A

For a given forward scheme, are there "optimal schemes” for other models?
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Adjoint and SOA methods give exact gradient V4( and Hessian-vec. prod.Hyy

if all of the models are solved analytically.

In practice, all of the models are solved numerically,
using time integral schemes, e.g., Runge—Kutta methods.

— inexact due to discretization errors, machine errors

Forward model Tangent linear (TL) model

d d
tht = f(x1) Eét = (V.f) o
Adjoint model SOA model

d
_d_t/it — (fo)T A

Sanz-Serna (2016)

d
_d_tft = (fo)T &+ {(ViVif) 6" A

For a given forward scheme, are there "optimal schemes” for other models?

— Yes. There exists an optimal scheme for the adjoint model
that can avoid any discretization errors.
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Adjoint and SOA methods give exact gradient V4( and Hessian-vec. prod.Hyy

if all of the models are solved analytically.

In practice, all of the models are solved numerically,
using time integral schemes, e.g., Runge—Kutta methods.

— inexact due to discretization errors, machine errors

Forward model Tangent linear (TL) model

d d
tht = f(x1) Eét = (V.f) o
Adjoint model SOA model

d
_d_t/it — (fo)T A

Sanz-Serna (2016)

d
_d_tft = (fo)T E+{(ViVif) 6" A

Ours

For a given forward scheme, are there "optimal schemes” for other models?

— Yes. There exists a set of optimal schemes for all of these models
that can avoid any discretization errors.
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Importance of exact Hessian computation

** Numerical details will be explained later.

Error in a Hessian matrix

Column Column "
Row Row 10
10
1 0—12
10 °
10—20
Naive method Our method

Our method allows exact Hessian computation
up to a given floating point limit.
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Importance of exact Hessian computation

Convergence behavior when solving Hy = b

exact ‘ |
0

10~

ly —y

'——--——- ---------

Failed...

1073

1073

Our method
10-7 |- - - - Naive method Success!
|
0 20 40 60

Iteration step

When using an incorrect scheme,

- Optimization may not converge to correct solution.

* Uncertainty quantification may fail.
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Sanz-Serna’s idea

and exact Hessian computation
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Why can the analytical solution of the adjoint model provide the exact gradient ?

A product of TL and adjoint variables is time-invariant
TL model

d d \' d d
Dy (5:/b) - (_5t) At 00 i =0 —0; = (V. f) 0

dt dt L dt dt

Adjoint model

>

d
_d_t/lt — (fo)T A

If we choose A, =V, C(x,(0)) , we obtain
67V, C(x) = (Vx1) 60)" V., C(x1) "X (0 + €80) = x:(0) + €6, + O(€”)

= 65 [(Vox)T V.,C(x)| = 6 VoClx) P 6 = (Vo) do

P Ao = VoC(x(6))
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Runge—Kutta family

s-stage Runge—Kutta (RK) method

S
: stepsize
Xnel = Xp + h Z biknia & P
_ ’ Qg s b; : weights

Forward model

d Discretize i=1
i = f(x) | — koi = fXo) (G=1,...,5),
Xy = xtn

Xn+1 = Xt,+h

\)
Xpi =Xy +h ) aikn; (i=1,....5).
j=1

*(...) : order

* Classical 4-stage RK (4) * Explicit Euler (1) * Heun (2)
h h

Xn+l = Xp + 6 (kn,l + 2kn,2 + 2kn,3 + kn,4) ) Xp+l = Xy T+ hkn,la Xn+l = Xp T+ 5 (kn,l + kn,2) ’
kni = f(Xni)) (G=1,...,4), ko1 = f(Xu1), kni = (X)) (=1,...,2),
Xn,l = Xn Xn’3 =X, + Ekn,z Xn,l = X Xn,l = Xn
h _
Xno = Xy + Ekn’l Xn,4 =X, + hkn,3 Xn,2 = Xp + hkn,l

* Adaptive stepsize RK: Bogacki-Shampine(2-3),
Runge-Kutta-Fehlberg(4-5), Dormand-Prince(4-5), ...
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Sanz-Serna’s idea

Solve forward models via a s-stage Runge—Kutta (RK) method

Kbt = X+ Y Dike Suet = O+ h ) bidy,
i=1 i=1
: d :
—xt f (.xt) * knz = f(an) i=1,..., s), Edt = (fo) 0; * dn,i — fo(Xn,i)Dn,i @=1,..., 5),
n,l—xn+hzal] n,j G=1,..., s). Dn,i:6n+hzaijdn,j (l: L..., S)-
J=1 =1

and solve adjoint model via another s-stage RK method
/ln+1 - /ln + hz Biln,ia
d i=1
A= (Vo) A W b= V) A (= 1,09),

d1 S
An,i:/ln+hZAijln,j (izl,...,S).

J=1

Sanz-Serna (2016) provided a relation between (g, b) and (A, B)

so that 0! Ayl = 5; A, | exactly.

n+l1

WEMSEMR (B) "EFERIRKROIBE & FRICRIT =7 —% RtiEDRmH,


https://epubs.siam.org/doi/abs/10.1137/151002769?journalCode=siread

Sanz-Serna’s idea

T b;=B
S, Apns1 = 0, Ay .
n+1 1 biAij‘l'Bjaji:Bibj (l,]= 1,...,S
PrOOf On+1 = 0y +thidn,i,
S (5“ /lt) — 5: A; dy; = Vif (Xn,i)Dn,i @i=1,..., s),
S(5n+1a n+1) - S(5na /ln) D= 0n + hzlaijd”’j (=1..., $).
J:
_hZBS(cS ln,)+thS(dn, p )+h22Bb S (dns 1 }) Aot = Ay + Y Bily,
i,j=1 i=1
P — .T . .—
_ hZBS(Dnza nz) h2 Z BalJS(dn], nl) ln,l — fo(Xn,l) An,l (l =1,..., S)a
lJ 1 _— Y .. . .—
+thS(dn,,Am) hzszUS(dm,nJthZBb S (dyis ) A””_A”JthAA”I”’J (=19,
i=1 i,j=1 i,j=1 &
=h 7 (b — B)S (Dnza fo(an)TAm) + Z (Bibj —biA;j — Bjaji)S(dn,ia ln,j)
-1 =0 ij=1 _
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Exact gradient computation

Forward models solved by a s-stage Runge—-Kutta (RK) method

Xn+l = Xp + h Z bikn,is 6”"‘1 = 6” +h Z bidn,i’
d i=1 d i=1 .
Ext = f(x;) * kni = f(X,;)) G=1,..., s), Edt = (V.f) 4, * dpi=Vyf(Xyi)Dn; (@(=1,..., s),
Xpi=Xu+h ) aykn; (=1,...,5). Dyi=06y+h ) aidy; (i=1,...5).
J=1 j=1

and adjoint model solved by another s-stage RK method

/ln+1 - /ln + hz Biln,ia
d . TR
— A=V, 07 4 * Li=-VofXud) A G=1,....5),

An,i:/ln+hZAijln,j (izl,...,S).
j=1

h. = B.
where o

b,-Aij+Bjaj,-:B,-bj (i,j: 1,...,S).

provide exact gradientas 1, = V,C
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Adjoint consistency in time

Continuous Continuous

d Take adjoint d

- = f(x) ﬁ —Eﬂr—fo) A
O O

Discretize Discretize

Discrete

Take adjomt

Xosl = Xy + oo

Substitute into def. of V,C

(Almost impossible to compute)

In general,

G+ and G, are different.

Neither G4 nor G, gives an exact gradient (Go)

because 6. ,1,.1 # 6, A, in both cases.

n+1
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Adjoint consistency in time

Continuous Continuous

d Take adjoint d
2% = (%) ﬁ —— A= (V)T A
= =
Discretize via RK Discretize via Sanz-Serna (RK)

Discrete Take adjoint

—
Xp+l = X T oo E—

Substitute into def. of V,C \\
(Almost impossible to compute)

Sanz-Serna’s scheme guarantees that

G, and G are identical Open problems(?)
Other types of schemes
Consistency in space, i.e., PD

(e.g., advection eq.)

They give an exact gradient (Go)
since 6. 4,11 =6, 4,

n+1
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Towards exact Hessian computation

Exact gradient can be computed by using Sanz-Serna’s scheme.

Exact Hessian ???

Forward model Tangent linear (TL) model

d d
tht = f(x) Eét = (V.f) o
Adjoint model SOA model
d
——A = (V) A —d%ft = (V)T &+ ViV ) 647 A,

Sanz-Serna (2016)
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Towards exact Hessian computation

Our idea: Equivalence between SOA model and adjoint model

d d
EXt = f(x) E&‘ = (Vxf) o
d

- d . T T
— A=V =2 b= (V)T &+ (VY )6 A

’
Define augmented vectors: ¢r = 5, and p, = f,t

— J(x)

KA AR

(Vef) 4 .
(V)& + (VY f) 61T ﬂt] = (V4G) P

Set of adjoint and SOA models constitutes a large adjoint system

— Many techniques for adjoint method can be used for SOA method.
e.g., Sanz-Serna’s idea, adjoint code generator
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Exact gradient and Hessian computations

The augmented models solved by Sanz-Serna (2016), i.e.,

the augmented forward model solved by a s-stage RK method
dn+1 = qn t hi bikn,i’

d i=1
—q, =G kni =G(Qni) (=1,...,9),
J t% (q1) *

and the augmented adjoint model solved by another s-stage RK method

Pn+1 = Pn t hZ Biln,ia
i=1
d _

provide exact gradient and Hessian computations.

Note that our method itself is not limited to RK.
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Numerical verifications
- Inhomogeneous wave equation
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Inhomogeneous wave equation

Validate our method through numerical test of data assimilation
based on a one-dimensional inhomogeneous wave equation

i ] Ti =0.1
0*U(z,1) 0 0 1.25 , 'm? :
=— |E()—U(z, 1)
ot? 0z | 07 _ 1.00 -
(discretized in space by finite volume method) 0.75 -
0.50 -
Time integral scheme:
0.25 -
Heun method (2-stage RK)
0.00 -
Assume initial states of [Jand [/ —0.25 : 150 250 350 450 550 650
are known but [ is not.
Cost function:
obs 112 T°% =1{0,0.2,0.4,...,1.8,2.0}
C(E)= ) |Uy(E)- U3, where
obs U : J in the above movie
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Discretization in space

UG _ 9 [, 0 L gg e
o2 oz | (Z)a_z (Z’t)_ d12 - d1d 1 °

Discretization via finite volume method (staggered lattice)

%m:% (i=1,...d)

1 . Es (Uz —Ur) — Eqq1 (Un — Ug) (7521)

TVi=azy B Wi —U) =By (Ui =Uim) (i=2,...,d—1)
Ed+% (U1 — Uyg) — Ed_% (Ug —Ugq—1) (t=4d)

d
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Time integral schemes

Augmented forward model Heun method

h
dn+1 = qn + 5 (kn,l + kn,2) s

kn1 = G(Qn.1),
kno = G(Qn2),
Ql’l,l — Qna

Qn,2 =(qnt hkn,l-

Heun method

Our method

h - _
Pn = Pn+1 T 5 (ln,l + ln,2) )
ln,2 — VqG(Qn+1)TPn,2a

l_n,l — VqG(Qn)TPn,la

Pu> = Pn+i1s
Pn,l = Pn+1 T hl—n,Z-

Pn = Pn+1 T g (l_n,l + l_n,2) )

l_n,2 — VqG(Qn,Z)TPn,Za
l_n,l — VqG(Qn)TPn,la

Pn,2 = Pn+1>
Pn,l = Pn+1 T+ hl—n,Z-
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Symmetry of Hessian matrix

IHy — Hy " || : Degree of asymmetry, which is zero if Hy is symmetric.

H[ 111 1) u] I 1) ||
1074 | Discretization errors
Our method , ’«

HH@ — H@THOO - - - Heun method .7 resulting from Heun method

A

@ : Optimumsol. 108

|0—12 -

Only accumulation of
4= machine errors
10_16 Lol T Lol ol ol
—— ' (e.g., round-off error)
10 107 1077 107% 107

Step size h

Our method reproduces the symmetry of Hessian
without any discretization errors even when using a large step size.
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Optimizer : Regularized Newton method

Cost function C
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0 «— 60+y where

\
Our method

1.000 2.000

Number of adjoint evaluations

3,000

1.25

0.75 1 '

0.50

czs

0.00
-0.25

1.25

1.00 1-

Q.75 -
n.50

0.251
0.00 ¢

-0.25

Our method contributes to rapid convergence.

Convergence to optimum solution

(Ho + o)y = =V,C

lteration = 0

= E True
w— E Eslimale |

Our method

0 10 20 30 40 50 60

Iteration = [)

- E_True
T —E Estlmate ]

/\/\
: : §>\-sz

-

Heun method

¢ 10 320 30 40 50 60




Large-scale uncertainty quantification

Slow-slip motion model . Damped EOM [Hirahara et al.(2019)]

dr V4KV, =V, )2
At plate plate lock e dt

* Rate-and-state dependent friction law

T =1+ AlogV+ Blogd

* Aging law
do Vo
— =1 =7 A, B, and L are spatially dependent

Ito et al., i :
Time integrator: Runge-Kutta-Fehlberg method oSt IMpIER

Small ——— > Uncertainty —— > Large

UQ for frictional parameter fields e — e —

High «—— Accuracy <«—— Low

10%

A0 1 LR

108

204 20

10°

10°?

103

Unc.of A

=40 =20 o 2'0 10 &0 -éo =440 =20 C 20 40 &0 &0

Unc.of

-0  -20 0 20
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Conclusions

* We proposed a method to compute an exact Hessian-vector product.

* The fact that the second-order adjoint system can be reformulated to a part
of a large adjoint system is the key point to obtain the exact Hessian-vector
product based on the Sanz-Serna scheme.

* Our method is capable of being applied to various types of ODEs.

* Seismic imaging, aerodynamic design, structural materials, ...
* Neural ODE

* Thank you for your attention
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