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One-sentence summary 
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We developed an adjoint-based method  
          that enables exact Hessian computations up to a given floating point limit.
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Introduction
Adjoint-based gradient and Hessian computations
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Adjoint method

We consider an autonomous ordinary differential equation(ODE):

Adjoint method calculates             exactly by solving 

and a minimization problem of a cost function defined by the final state

Adjoint model

via an gradient method using a gradient

and a minimization problem of a cost function defined by the final state

OptimumGuess

Forward model
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地震研特定研究 (B) 「固体地球現象の理解と予測に向けたデータ同化法の開発」 ©Shin-ichi Ito



second-order adjoint (SOA) method is available  
for a second-order derivative (Hessian matrix        ) computation.

Second-order adjoint method
Adjoint method is available for a first-order derivative computation, while

SOA provides an exact Hessian-vector product for arbitrary vectors.

Curvature = 
Hessian matrix 

SOA model

Tangent linear model
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d
dt
�t = (rx f ) �t
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* These model are derived from the first-order perturbation   
                                                                                    of the forward and adjoint models.

SOA is available for optimization methods, uncertainty quantification, …
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Application
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・Uncertainty quantification (UQ)

・Newton method where

・Fast optimization

・Nonlinear conjugate gradient method
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<latexit sha1_base64="GpdAVcHh9JDzrelSbAp+4vMUz30="></latexit>

✓
<latexit sha1_base64="6L/sfM20+IbPGS/8f9cvkF/lmnE="></latexit>✓̂

<latexit sha1_base64="ehxCx+d3pIESsKl7ZfcPjJ0tcZ8="></latexit>

⌃ = H
�1
✓̂

<latexit sha1_base64="FBPodAcjHCT9IQYGEkv/C2CyG0g="></latexit>

z r✓C �
z>H✓r✓C

z>H✓z
z

<latexit sha1_base64="gKZ9WN//ALRPqw7NT1IejqtW1aw="></latexit>

✓  ✓ + ⌘z
<latexit sha1_base64="de+krClYUS9FcN0VoRgeeYrSNN8="></latexit>

: Descent vector

: Conjugate vector

: Learning rate⌘
<latexit sha1_base64="VkODGkgPP4LSSiKhNUGyqrmpvok="></latexit>

z
<latexit sha1_base64="LSeWR43ArcIeaDnbIF7rxvVstLE="></latexit>

H✓̂⌃ = I
<latexit sha1_base64="PwnF/nf4uHap9vKVMuzKoQmLtDs="></latexit>

{
<latexit sha1_base64="0cVuiBkLXQ605h0Q/cP+BtO0HjY="></latexit>

Solve

via Krylov subspace methods 

Ito et al., (2016)
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？
Forward model

Adjoint and SOA methods give exact gradient            and

Question

if all of the models are solved analytically.
In practice, all of the models are solved numerically,

For a given forward scheme, are there "optimal schemes” for other models?

using time integral schemes, e.g., Runge—Kutta methods.

Adjoint model SOA model
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？ ？

d
dt
�t = (rx f ) �t

<latexit sha1_base64="Yn4fesY/G2osg9+bcjgQv8fTPeE="></latexit>

Tangent linear (TL) model
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Hessian-vec. prod.

→ inexact due to discretization errors, machine errors
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d
dt
�t = (rx f ) �t
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Forward model

Question

Adjoint model

Tangent linear (TL) model

SOA model

→ Yes. There exists an optimal scheme for the adjoint model 

Sanz-Serna (2016)
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？
？

that can avoid any discretization errors. 
地震研特定研究 (B) 「固体地球現象の理解と予測に向けたデータ同化法の開発」

For a given forward scheme, are there "optimal schemes” for other models?

Adjoint and SOA methods give exact gradient            and
if all of the models are solved analytically.

In practice, all of the models are solved numerically,
using time integral schemes, e.g., Runge—Kutta methods.

Hessian-vec. prod.

→ inexact due to discretization errors, machine errors
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Forward model

Question

Adjoint model

Tangent linear (TL) model

SOA model

Sanz-Serna (2016) Ours
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d
dt
�t = (rx f ) �t
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→ Yes. There exists a set of optimal schemes for all of these models
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For a given forward scheme, are there "optimal schemes” for other models?

that can avoid any discretization errors. 

Adjoint and SOA methods give exact gradient            and
if all of the models are solved analytically.

In practice, all of the models are solved numerically,
using time integral schemes, e.g., Runge—Kutta methods.

Hessian-vec. prod.

→ inexact due to discretization errors, machine errors
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Column Column
Row Row

Naive method Our method

Error in a Hessian matrix

Importance of exact Hessian computation
＊ Numerical details will be explained later.
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Our method allows exact Hessian computation  
                                                   up to a given floating point limit.
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Importance of exact Hessian computation

Our method
Naive method

Convergence behavior when solving

Iteration step

Failed… 

Success!

・Optimization may not converge to correct solution.
・Uncertainty quantification may fail.

When using an incorrect scheme,
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Hy = b
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Sanz-Serna’s idea
and exact Hessian computation
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Invariant
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TL model
d
dt
�t = (rx f ) �t
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Adjoint model

A product of TL and adjoint variables is time-invariant

d
dt
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Why can the analytical solution of the adjoint model provide the exact gradient ?
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Runge—Kutta family

・Classical 4-stage RK (4)
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・Explicit Euler (1) ・Heun (2)

Forward model

s-stage Runge—Kutta (RK) method

Discretize

h
<latexit sha1_base64="9gygmdn+QQW5JH9b9JNHqm5Ff9o="></latexit>

aij , bi
<latexit sha1_base64="zOx5lxzu5LRG/Eu0uRV0c9/20CY="></latexit>

: stepsize
: weights

・Adaptive stepsize RK: Bogacki–Shampine(2-3),  
                         Runge-Kutta-Fehlberg(4-5), Dormand-Prince(4-5), …

* (…) : order
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Sanz-Serna’s idea

Solve forward models via a s-stage Runge—Kutta (RK) method

and solve adjoint model via another s-stage RK method

Sanz-Serna (2016) provided a relation between and

16/30

so that exactly.�>n+1�n+1 = �
>
n �n

<latexit sha1_base64="56Y7u9cyHM3ItBECtCsjHh8yGmo="></latexit>

d
dt
�t = (rx f ) �t
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dn,i = rx f (Xn,i)Dn,i (i = 1, . . . , s) ,

Dn,i = �n + h
sX

j=1

ai jdn, j (i = 1, . . . , s) .
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Sanz-Serna’s idea

�n+1 = �n + h
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ai jdn, j (i = 1, . . . , s) .
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bi = Bi (i = 1, . . . , s) ,
biAi j + Bja ji = Bib j (i, j = 1, . . . , s) .
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Exact gradient computation

where 
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provide exact gradient as

bi = Bi (i = 1, . . . , s) ,
biAi j + Bja ji = Bib j (i, j = 1, . . . , s) .

<latexit sha1_base64="uQosLXqtBeyP+HxIWi313hFwsSg="></latexit>

Forward models solved by a s-stage Runge—Kutta (RK) method

and adjoint model solved by another s-stage RK method

d
dt
�t = (rx f ) �t
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�n+1 = �n + h
sX

i=1

bidn,i,

dn,i = rx f (Xn,i)Dn,i (i = 1, . . . , s) ,

Dn,i = �n + h
sX

j=1

ai jdn, j (i = 1, . . . , s) .
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Adjoint consistency in time
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Continuous

Discrete

Discretize

Take adjoint 

Take adjoint 
Continuous

G1 G2

Discretize

In general,

Neither G1 nor G2 gives an exact gradient (G0)
G1 and G2 are different.

�>n+1�n+1 = �
>
n �n
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…

G0
Substitute into def. of

(Almost impossible to compute)
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Adjoint consistency in time
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Continuous

Discrete Take adjoint 

Take adjoint 
Continuous

G1 G2

地震研特定研究 (B) 「固体地球現象の理解と予測に向けたデータ同化法の開発」

…

G0

Discretize via RK Discretize via Sanz-Serna (RK)

Sanz-Serna’s scheme guarantees that
G1 and G2 are identical
They give an exact gradient (G0)

�>n+1�n+1 = �
>
n �n
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since

Open problems(?)
Other types of schemes
Consistency in space, i.e., PDEs 
(e.g., advection eq.)

Substitute into def. of
(Almost impossible to compute)
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Towards exact Hessian computation
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Exact gradient can be computed by using Sanz-Serna’s scheme.
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Exact Hessian ???

d
dt
�t = (rx f ) �t
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Forward model

Adjoint model

Tangent linear (TL) model

SOA model

Sanz-Serna (2016)
？
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Towards exact Hessian computation

Our idea: Equivalence between SOA model and adjoint model

Define augmented vectors: and

Set of adjoint and SOA models constitutes a large adjoint system

→ Many techniques for adjoint method can be used for SOA method.
e.g., Sanz-Serna’s idea, adjoint code generator 

21/30

d
dt
�t = (rx f ) �t
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Exact gradient and Hessian computations

the augmented forward model solved by a s-stage RK method

and the augmented adjoint model solved by  another s-stage RK method

where 

The augmented models solved by Sanz-Serna (2016), i.e.,

22/30

provide exact gradient and Hessian computations.

bi = Bi (i = 1, . . . , s) ,
biAi j + Bja ji = Bib j (i, j = 1, . . . , s) .

<latexit sha1_base64="uQosLXqtBeyP+HxIWi313hFwsSg="></latexit>
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Note that our method itself is not limited to RK.
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Numerical verifications
- Inhomogeneous wave equation
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Inhomogeneous wave equation
Validate our method through numerical test of data assimilation 
based on a one-dimensional inhomogeneous wave equation

∂2U(z, t)
∂t2

=
∂
∂z [E(z)

∂
∂z

U(z, t)]
Time integral scheme:

Heun method (2-stage RK) 

Cost function:

Assume initial states of      and   

:       in the above movie

are known but       is not. 

where
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(discretized in space by finite volume method)
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d

dt
Ui = Vi (i = 1, . . . , d)

d

dt
Vi =

1

�z2

8
<

:

E 3
2
(U2 � U1)� Ed+ 1

2
(U1 � Ud) (i = 1)

Ei+ 1
2
(Ui+1 � Ui)� Ei� 1

2
(Ui � Ui�1) (i = 2, . . . , d� 1)

Ed+ 1
2
(U1 � Ud)� Ed� 1

2
(Ud � Ud�1) (i = d)

d

dt
Ei+ 1

2
= 0 (i = 1, . . . , d),

<latexit sha1_base64="L+2BqlzWn0/1JS6vSP7Z5e5cY5I="></latexit>

∂2U(z, t)
∂t2

=
∂
∂z [E(z)

∂
∂z

U(z, t)]
Discretization via finite volume method (staggered lattice)
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Discretization in space

zd 1 2 d-1 d 1…
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Our method

Time integral schemes

Augmented forward model

Augmented adjoint model
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Heun method

Heun method

Naively

pn = pn+1 +
h
2

⇣
l̄n,1 + l̄n,2

⌘
,

l̄n,2 = rqG(qn+1)>Pn,2,

l̄n,1 = rqG(qn)>Pn,1,

Pn,2 = pn+1,

Pn,1 = pn+1 + hl̄n,2.
<latexit sha1_base64="CBreDbPCesB9QaOp1LDWarNY89c="></latexit>

pn = pn+1 +
h
2

⇣
l̄n,1 + l̄n,2

⌘
,

l̄n,2 = rqG(Qn,2)>Pn,2,

l̄n,1 = rqG(qn)>Pn,1,

Pn,2 = pn+1,

Pn,1 = pn+1 + hl̄n,2.
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Our method
Heun method

Symmetry of Hessian matrix

: Degree of asymmetry, which is zero if         is symmetric.

Our method reproduces the symmetry of Hessian 
without any discretization errors even when using a large step size.

27/30

: Optimum sol.

Only accumulation of  
machine errors 
    (e.g., round-off error)

Discretization errors  
 resulting from Heun method
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Convergence to optimum solution 

Our method
Heun method

Number of adjoint evaluations

where

Optimizer : Regularized Newton method

Our method

Heun method
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x2

Our method contributes to rapid convergence.
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Large-scale uncertainty quantification
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dτ
dt

= 𝒢 ∙ (Vplate − V ) + 𝖪(Vplate − Vlock) −
G
2c

dV
dt

τ = τ0 + A log V + B log θ

dθ
dt

= 1 −
Vθ
L

* Rate-and-state dependent friction law

* Aging law

Slow-slip motion model * Damped EOM [Hirahara et al.(2019)]

Time integrator: Runge-Kutta-Fehlberg method
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A, B, and L are spatially dependent
Ito et al., in prep.Results

11
H−1

A,A H−1
A−B,A−B

H−1
V,V H−1

θ,θ H−1
L,L

• Uncertainty fields 
UncertaintySmall Large

AccuracyHigh Low

• Accuracy of dynamic 
parts is higher than that of 
silent parts because 
dynamic data has more 
information.

A A − B LUnc. of Unc. of Unc. of 

UQ for frictional parameter fields
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Conclusions

* We proposed a method to compute an exact Hessian-vector product.

* The fact that the second-order adjoint system can be reformulated to a part 
of a large adjoint system is the key point to obtain the exact Hessian-vector 
product based on the Sanz-Serna scheme.

* Our method is capable of being applied to various types of ODEs.

* Thank you for your attention
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* Seismic imaging, aerodynamic design, structural materials, …
* Neural ODE
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